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1 Introduction

Let N be an arbitrary o-minimal structure. In this paper definable means
definable in N (possibly) with parameters. We will assume that the reader
is familiar with the basic theory of o-minimality ([4]) and of definable groups
([5], [14], [16], [18] and [19]).

Given a definable group G we will introduce a kind of fundamental
group, 1(G), the classifying group of G, and we prove here the following
Hurewicz theorem connecting 1(G) and the o-minimal Cech cohomology
group H'(G; Z), from [9]:

Theorem 1.1 Let G be a definably connected definable group and Z a finite
abelian group. Then we have a homomorphism

Homeont(7(G), Z) — ﬁl(G; Z),

where Homeont (N(G), Z) is the group of all continuous homomorphisms from
the profinite group n(QG) into Z. Further, this homomorphism does not send
any sujective elements of Homeont (n(G), Z) to zero.

Now let A be a sufficiently saturated o-minimal expansion of an ordered
field (N,0,1,+,-,<). In the paper [3] by Berarducci, Otero, Peterzil and
Pillay it is proved that there exists a smallest type definable normal subgroup
G of G such that G/G® with the logic topology is a connected, compact,
Lie group. We also have from [10] that the o-minimal singular cohomology
of G, H*(G;Q), is isomorphic to H*(G/G";Q), the cohomology of G /G.

However, in [1] Berarducci points out that, since this theorem was proved
in [10] independently of the results on G /G, the isomorphism

H*(G;Q) =~ H*(G/G™;Q)

in the abelian case is purely abstract and is not induced in any obvious way
by the quotient homomorphism pg : G — G/G®. See [1] Remark 7.6.

As an application of our Hurewicz result, and the construction used
to prove it we show how it can be seen that the quotient homomorphism
pc : G — G/GY induces the isomorphism H*(G;Q) ~ H*(G/GY;Q) in
cohomology. We will do this in the case of definably compact abelian groups
and in the case of definably semi-simple groups, obtaining, for example, the
following:

Theorem 1.2 Assume that G is a definably compact, definable abelian group.
Then there exists an isomorphism

H*(G;Q) ~ H*(G/G™;Q)

induced by the quotient homomorphism pg : G — G /G.



2 The Hurewicz theorem

Throughout this section G is a definably connected definable group. Here
we will prove the Hurewicz theorem for GG. In the first three subsections
we introduce the classifying group, n(G) and the two groups of equivalence
classes of definable Z-covering homomorphisms of G, namely Z-Cov(G) and
Extqef(G; Z). We also note that we have a surjective homomorphism P :
Extaet(G; Z) — Z-Cov(G). We then proceed to define a monomorphism

A: Z-Cov(G) — HY(G; 2),

a map
B : Homeont (n(G), Z) — Extaet(G; Z)

and an isomorphism
C : Extget(G; Z) — Homeons(n(G), Z).

Since we also show that B is the inverse of C, it follows that B is a isomor-
phism and the homomorphism

Ao PoB:Home(n(G),Z) — f[l(G; Z)

proves Theorem 1.1.

2.1 The classifying group 7n(G)

We introduce here another notion of ”fundamental group” for o-minimal
structures which will classify the definable covering homomorphims h :
H — G of a definably connected definable group G just as 7(G) from
[6] classifies the locally definable covering homomorphims h: H — G of a
definably connected locally definable group G.

Consider the category Covges(G) whose objects are the continuous sur-
jective definable homomorphisms h : H — G, where H is a definable group,
such that there is a definable cover {U;}¥_; of G such that each h=(U;) is
a disjoint union of open definable subsets of H, each of which is mapped
homeomorphically by h onto U;. By [6] Theorem 3.6 and o-minimality these
are precisely the definable surjective homomorphisms h : H — G with fi-
nite kernel. A morphism between two objects h: H — Gand k: K — G
in Covger(G) is a definable covering homomorphism [ : H — K such that
h = kol (by [6] Theorem 3.6, this means that [ is a surjective definable homo-
morphism with finite kernel). Also consider the full subcategory Covl(G)
of Covger(G) of definable homomorphisms h : H — G where H is defin-
ably connected. Following the arguments in [6], we see that Covger(G) and
CovY.¢(G) are inverse systems. Thus we can make the following



Definition 2.1 The kernel of the inverse limit Dger : édef — G of the
inverse system Covgef(G) will be called the classifying group of G and is
denoted by n(G).

We have the useful characterization of n(G) as the inverse limit of the in-
verse system of groups Aut(K/G) (or Ker(h)) of definable covering automo-
morphisms, directed by the homomorphisms 6% : Aut(K/G) — Aut(H/G)
(or I : Ker(k) — Ker(h)) induced by (or obtained by restriction from)
K — H € MorCovy(G).

The argument used in the proof of Theorem 1.1 from [6], carries to the
category Covi;(G) and gives:

Theorem 2.2 Let G be a definably connected definable group. Then n(QG)
is abelian. Moreover, if G is abelian, then the following hold:

(1) the group Gaer is divisible and torsion free;
(2) the classifying group n(G) of G is torsion-free;

(3) the k-torsion subgroup of G is isomorphic to n(G)/kn(G), for each
k> 0.

Note that in Theorem 2.2 we used also the fact that if G is a definably
connected, definable abelian group then, for each k& > 0, the subgroup of
k-torsion points of G has dimension zero (i.e. is finite) by [21] and hence
G is k-divisible since by definably connectedness it has no proper definable
subgroups of finite index ([18]).

In fact, n(G) may well have more nice properties than originally ex-
pected, for example:

Theorem 2.3 Assume that N is an o-minimal expansion of a group, and
let G be a definably connected definable group. Then n(G) is the profi-
nite completion of m1(G), the o-minimal fundamental group of G (denoted

n(G) =m(G)).

Proof. By [7] Theorem 1.4 71(G) is isomorphic to the group 7(G) which
is the kernel of the inverse limit p : G — G of the inverse system Cov’(Q)
of definably connected locally definable covering homomorphisms of G, with
morphisms being also locally definable covering homomorphisms. i.e. in this
context m1(G) ~ lim(Aut(H/G)), where the inverse limit ranges over the
category Cov’(G).

By [7] Theorem 1.4 again, we have that for every subgroup L < m1(G)
there exists h : H — G € Cov’(G) such that m(G)/L ~ Aut(H/G) ~
kerh. Indeed one can take h : H — G to be the locally definable homo-
morphism G / L — G induced by the o-minimal universal covering homo-
morphism p : G — G which is a locally definable covering homomorphism.



Now observe that the collection of finite index subgroups of m;(G) will
form a filter base: suppose that Li,Ls < m(G) and L = L; N Lo, then
by the above, there exists p : H — G € Cov’(G) such that m(G)/L ~
Aut(H/G). But the injective homomorphism 71(G)/L — 71(G)/L1 %
71(G)/Ly : a+ L+ (a+ Li,a + L) shows that p : H — G € Cov,(G)
(since Aut(H/G) ~ Ker(p) will then be finite). O

So we also make the following, more general

Conjecture 2.4 For every definably connected definable group G, we have
that n(G) is the profinite completion of m(G) (i.e. n(G) = (G)).

In the case that G is abelian we have that n(G) is a torsion-free profinite
abelian group (Theorem 2.2), so by [20] Theorem 4.3.3 we have n(G) =
I, primell;(p)Zp where for each prime p, Z; is the group of p-adic integers
and k(p) is some cardinal number. So it is natural to make the following

Conjecture 2.5 If G is a definably connected definably compact definable
abelian group, then n(G) ~ Z4™C and in particular, G[k] ~ (Z/kZ)4™C (by
Theorem 2.2).

2.2 The group Z-Cov(G)

We recall from Subsection 2.1 that Covger(G) is the collection of definable
surjective homomorphisms pr: H — G such that there is a finite open
cover U = {Uq }aer of G by definable open sets with the property that for
each a € I, pi (Us) = ULU...UUT is a finite disjoint union of definable
open sets each of which is sent homeomorphically to U, by the definable
map pglys, for i = 1,...m (note here that m = [Ker(pg)|). We say that
pH is trivial over such a U.

Definition 2.6 Given a finite abelian group Z, a definable Z-covering ho-
momorphism of a definable group G is a definable covering homomorphism
pr: H — G of G such that Ker(py) = Z.

Equivalently a definable Z-covering homomorphism is a group extension,
H, of Z with a definable covering homomorphism py : H — G such that
the following sequence is exact:

€Z‘—>Z‘—>H—»pHG—»6@.

Two definable covering homomorphisms, py and px are definably home-
omorphic if there is a definable homeomorphism F': H — K such that the



following diagram commutes:

(i.e. PH = PK © F and F|Z = idz).

We denote the set of definable Z-covering homomorphisms of GG, up to
definable homeomorphism, by Z-Covget(G), and the subset which are trivial
over a suitable cover U by Z-Covget(G;U).

Having Ker(py) = Z gives us a definable action of Z on H, by right
multipliction, and clearly G is the result of factoring by this action. When
viewing Z in this way we write x* for the result of the element z € Z acting
onzx € G.

As pp(2?) = pu(z.2) = pu(x).pr(2) = pu(zx) for z € Ker(py) we see
that the action of Z on H simply permutes the fibres of pg.

Lemma 2.7 For any (H,py) and (K, pr) definable Z-covering homomor-
phisms of G which are definably homeomorphic via F' we have, for anyx € H
and z € Z that F(z*) = F(x)*.

Proof. We will prove this for z € H, the definably connected component of
H, and then note that since the restricted map py : H — G is surjective
(by Corollary 3.7 in [6]) we have that for any z € H there is 2’ € HY such
that py(z) = pr(2'), so 27 1.2’ € Ker(py) = Z, so there is 2/ € Z such that
z = 2’%. Then, using the result for =’ we get

F(a*) = F((2')) = F(@”*%) = F(&')"* = (F(2')")* = F(x)".

So fix z for the moment and take z € H°. Note that we have, from
the commutative diagram in the definition, that px(F(x*)) = pg(x®) =
pu(z) = pr(F(x)). This gives us that F(z?).(F(z))~! € Ker(px) = Z,
and so we can define a definable continuous function h : H® — Z by
h(z) = F(2*).(F(x))~!. But H? is definably connected and Z is discrete, so
this function is constant, say = zg, so F(x*) = F(x).zp. But letting z = ey
we see that we must have zg = z, so that F(z*) = F(z).z = F(z)*. O

Lemma 2.8 Z-Covger(G;U), and thus Z-Covaet(G) also, is a group.



Proof. Given py: H — G and pg: K — G in Z-Covyet(G;U) we define

the product

H*K:M,
Az

and the map
p *xpr: Hx K — G

to be given by py * px ([(z,y)]) = pu(z) = pr (y)-

Here H xg K = {(z,y) € H x K|pg(z) = pk(y)} is the fibre product of
H and K over G, and A%}, = {(z,—z)|z € Z}, so the map is well defined.

It is a definable Z-covering homomorphism since it is clearly definable
and surjective, and

Ker(py) x Ker(px) ZxZ
= =Z.
Az Az

Ker(py * pr) =

(the last equality is justified as we can identify ZAX*Z with Z using addition,
zZ

since the sequence )0 —= ALC——~ 7 x Z sz 0 s exact). This
covering is trivial over U since, if Vi,...,V; are the open definable sets in
K above U € U and Wy, ..., W}, are the open definable sets in H above the
same U, then the sets (W; xg Vj)/A% are in H * K above U, and by the
definition of the fibre product are definably homeomorphic to U.

It is also clear that any two pairs of definable Z-covering homomorphisms
which are definably homeomorphic give definably homeomorphic products.

This turns Z-Covget(G;U) into a group whose identity is the trivial de-
finable Z-covering G x Z — G, and where the inverse of pg: H — G is
the definable Z-covering homomorphism p};: H* — G, where H* = {z=1:
x € H} has product z7 1.y~ = (z.y) ™! and pi(z71) = pu(z). O

2.3 The group Extg(G; 2)

We give here a definition of the group Extqef(G; Z) from [5] which is equiv-
alent (in this context) to the one given there. We also make one simple
observation about this group.

The set Extqer(G; Z) is simply the collection of all equivalence classes
of definable Z-covering homomorphisms under the equivalence relation of
definable equivalence. We say that pg: H — G and pg: K — G are
definably equivalent if there is a definable isomorphism of groups ¢ : H —
K such that pg = pr o ¢ and ¢|z = idz. We define a binary operation, ,
on Extqet(G; Z) in exactly the same way as for Z-Covget(G), and it is still
clearly a well-defined group operation.

The set Z-Covgef(G) is just the collection of all equivalence classes of
definable Z-covering homomorphisms under the equivalence relation of de-
finable homeomorphism of Z-covering homomorphisms. Every map which



demonstrates a definable equivalence is a definable isomorphism, and so is
also a definable homeomorphism. Thus the equivalence relation of defin-
able homeomorphism is coarser than definable equivalence, so we have that
Z-Covyef(G) = Extqet(G; Z)/ ~, where ~ is definable homeomorphism of
Z-covering homomorphisms. Thus we have a (projection) homomorphism,
P, from Extger(G; Z) to Z-Covget(G).

2.4 The monomorphism A: Z-Covay(G) — H' (G, Z).

We first adapt an argument from [12] to show that this map exists.

Lemma 2.9 For any finite cover U = {Uq }aer of G by definable open sets
there is a well-defined map:

Au: Z—COVdef(G;U) — Hl(G,U,Z).

Proof. Let py: H — G be a definable Z-covering homomorphism which
is trivial over U = {Uq }aecr. We define definable homeomorphisms

¢Z (Ua x Z) _’pl_fl(Ua)

for each o € I and i = 1,...m (where py'(Us) = ULU...UUT). For each
u € Uy and i = 1,...m there is a unique u; € UY, such that py(u;) = w.
Since Z acts on H, and thus on pl_{l(Ua) we can then define

qbfl(u, z) = uf,

and this is a definable map (and clearly a homeomorphism, as the copies of
U, are simply rearranged).

Then, for z € p;' (U,) we have that (¢%) 7' (z) = (pu (), 2;) where z,
is the unique element of Z such that x = ((pg(z))i)* (thls 2, exists and is
unique since py ((pg(z))i) = pa(z) so that (py(z));.x~! € Ker(py) = Z.)

So the definable composition:

Jy—1

(UaNUp) x Z 2, Pyt (Ua N Up) ) (Ua NUg) x Z.
is given by
(65)™ 0 i (u, 2) = (&) 7 (uf) = (pur (), 2') = (u, 2),

where 2’ is the unique element of Z such that u} = uj’. For uw € Uy, NUg

we know that u; = wu. 2 for some unique P ag € Z (again since wu;.u; 1 e

J J

ZJ 17J+
Ker(py) = Z). Thus v} = (u]“ 7Y = =", and so we have 2/ = Za,@ +z

J
and

(¢%) " 0 dh(u,2) = (u, 2+ 275).



Now we fix a choice of homeomorphisms {¢% },¢; so that for each ordered
pair {a,3) € I? such that U, N Ug is non-empty we have a fixed element
ff’iﬁ € Z, i.e. associated to the definable Z-covering homomorphism pp :
H — G we have a map c: {{a, 8) € I’|U,NUg # 0} — Z where c(a, 8) =
z;aﬁlﬂ = 2q,3- This c is an element of the Cech group C 1(G,Z/l; Z).
To show that the ¢ € CY(G,U; Z) given by {¢ie}aer is not just a co-chain,
but in fact determines an element of the cohomology group we must also
show that ¢ € Ker (6;) (i.e. that ¢ determines a co-cycle). This is the

case iff for any (o, 3,7) € I3 such that U, N Uz N U, # 0 we have that

(10)(@, B,7) = —c(B,7) + cle,7) = e(a, B) = 0. But as (¢7)7' 0 ¢y =
((p7) Lo qﬁg’) o (((7526)—1 o ¢'e) this follows, as then for any z € Z we have

(wetzan) = (@) odi(wz)
= (@) 0 9 0 (8) 0 di)(w,2) = (2 + 20 + 200,

which then gives —z, g + 2o,y — 23,y = 0 as required.

We now have to show that our choice of homeomorphisms {¢% },e; is fac-
tored out when we pass from the Cech group to the cohomology groups.
That is, we need to show that if {qba }ae 1 is another choice from our set of

homeomorphisms and is such that ((bﬁ )7t od)a (u,2) = (u, z+ za 6ﬁ) (245 =

z4 a constant in Z) and we define the map ¢’: {{«,8) € I*|U, N Up #

o,
0} — Z by d(a,B) = 2, 4 then ¢ and ¢’ determine the same equlvalence

class modulo Imdy, i.e. (¢'—c) € Imdy, i.e. thereis (h: I — Z) € C (Z/l, Z)
such that for all {(«, 3) we have ¢/(a, 8) = (do(h)) (v, B) + ¢(a, B) = h(a) +
c(a, B) = h(B).

If {gb?f }aer is as described then, by the above, for each o € I we have
a homeomorphism (¢%)~1 o ¢¢* of U, x Z to itself given by

(de) ™ o die(u, 2) = (u, 2 + 2a),

where x, = zza’zéx Clearly this map is such that the following diagram
commutes:
Uy x 2 —wAwstee) ooz
pil(Ua)



Thus we have that qbga (u,2) = ¢%e (u, 2 + z4) and gi);? (u,z) = gbzﬁ (u,z —x),
so that for all o, 8 € I, w € U, NUpg and z € Z we have:

i/
(’LL, z+ Z(/)c,ﬁ) = ¢ﬁﬂ

So z’aﬂ = Zo + Za,3 — 3. As the z, are constant we can define a map
h: 1 — Z such that h(a) = z,, and this is the function we need, since now

¢ (0, B) = 2y g = T+ 20,5 — 25 = h(a) + e, ) — h(B).

To complete the proof that A, is well-defined we need to show that if there is
a definable homeomorphism of Z-covering homomorphisms F': (H,pg) —
(K,pK), then [cg] = [ck]. But recall that we have just shown that the choice
of homeomorphisms {¢% }4es between U, x Z and pj(Us) from which we
obtain cp is factored out when we go to the equivalence class [cy]. Thus
it suffices to show that, for any such choice, we have that F o ¢le = 3,
for some choice {1/1&“ }aer of such homeomorphisms between U, x Z and

P’ (Us). Then we get:
(85)" o die = (Fogif) o (Fogie) = (0f) ™ o,

so using these maps do determine cy and cx we get cg = ck.

So we want to be able to take the j, to be such that F'(uf ) = v} for all
z € Z and a € I. This is easy since F/(z*) = F(x)*, and so we can just take
the jo to be such that F(u;,) = w;,, which is possible since py = pg o F', so

F(ui,) € (pr) Ypu(ui,)) = (pr)~'(u) = {u1,...up}. Thus we have our
well defined map, Ay, from Z-Covger(G;U) to HY (G, U, Z). O

Corollary 2.10 There is a well-defined map:
A: Z-Covaer(G) — HYG, Z2).

Proof. We only need to note that for any two py: H — G and pg: K —
G in Z-Covges(G) the set

{V|lpg: H— G), (px: K — G) € Z-Covaet(G; V) }

10



is cofinal in the set of all finite open covers of G by definable sets, ordered
by refinement. This means that we can take the limit with respect to these
covers and get the required map. O

Lemma 2.11 A is injective.

Proof. We show that Ay is injective for each finite open cover of G by
definable sets, Y. Then going to the limit as in the proof of the corollary
above gives the result.

We suppose that Ay (pr) = [cm] where we obtain the function ¢y from
the (definable) homeomorphisms {¢%},cr, and that [cy] = [0]. We will

show that there is another choice {¢Za }aer of homeomorphisms from Uy X Z
to p;;l(Ua) such that for any o, 8 € I and u € U, N Ug we have (ﬁblﬂﬁ)_l o
¢Za (u,z) = (u, z) so that the function, ¢/, obtained from these homeomor-

phism is the zero function. Once we have done this we have that qﬁé" = ¢2ﬁg
on any (U, N'Ug) x Z. Thus we can define a definable homeomorphism

" G x Z — H such that pr = pyg o F/ by F'(u,z) = QSZ:a(u,z) for
any « such that u € U, (where pr : G x Z — G is the standard projec-
tion). In order to get a definable homeomorphism of definable Z-covering
homomorphisms we also need to take F'(eq, 2) = (eq);, = (ec)i,-# (where
eq € Uy), and let F(u,z) = F'(u,z)* where zyp = —(eg)i,. Then we get

the commutative diagram:

G><Z*>H*>H

EN i%

G.

F has the same properties as F’ (i.e. it is a definable homeomorphism which
commutes with the definable covering homomorphisms, since the action of
2o just permutes their fibres) plus we also get Fl(eg,z) = ((eq);, )~ (¢@ia =

((eq); (ec)’“)z = z, so that F|z = idz. This will finish the proof, as the
equlvalence class of the trivial Z-covering homomorphism is the zero of the
group.

But suppose we do have cy as above. So ¢(«, 3) = z4, for the unique
Za,3 such that u;, = ufg"ﬁ for any u € U, NUg, and also there is a function

h : I — Z such that c¢(a,8) = h(8) — h(a) for all a, 3. We then have
WM = "D We et i’, € {1,...,m} be the unique choice such that

o ig
u® = ;. Thus we have, for u € Uy N Up, that uy = uy . Now we can
T o 6 [e% Zﬁ

11



see that the collection {qﬁg‘* }aer are clearly the homomorphisms we want as
they give cjy(a, B) = z[, 5 where z, 5 is the unique element of Z such that

Ui = (uib)zgvﬂ. But this zgéﬂ is clearly zero (the identity, ez) for all «, f.
O

We note that we cannot follow [12] to get an inverse map from H'(G; Z)
to Z-Covyef(G) as the Z-covering constructed there cannot be shown to be a
definable group, let alone the map to be a definable covering homomorphism.

Lemma 2.12 A is a homomorphism.

Proof. Again we prove the result for Az, and note that still have a homo-
morphism when we go to the limit.

Let pg: H — G and pg: K — G be in Z-Covyet(G;U), so that we
can choose two sets of definable homeomorphisms:

Ya: (Us X Z) —>p1_{1(Ua) and ¥y : (Uy X Z) —>p;<1(Ua),

for o € I, and then get two sets of definable homeomorphisms of (U,NUg) %
Z, namely (cpgl © o) and (1%_1 0 7o) which are, by the argument above,
given by, say

4p51 0 a(u,2) = (u, 2+ 24,3) and ngl 0 Yo (u,2) = (U, 2+ ga,8)-

Then Ay(pr) = [cu) and Ay(prx) = [ck] where chy(a, ) = 2,5 and
ck(a,B) = 9a,8-

Since (pg * px) is trivial over U we can let pq: (Uy X Z) — (pm *
pr) 1 (Uy) be some choice of homeomorphism as constructed above and
have, as above, that there are [, 3 € Z such that Mglo,ua(u, z) = (u,z2+1a3)
for U, NUg # 0. Then we have cy.x (o, ) = log (i-e. Au(prr) = [cask])
and we want to show that [cy|+[cx] = [cmk]. This will certainly follow if we
show that, for some choice of homeomorphisms ji, we get o g = 2a,8+ ga,3-

We can choose the definable homeomorphisms i, : (Uy X Z) — (pg *
pr) 1 (Us) to be given by:

(Pa (U, 2), Pa(u, 2))
A%, ’

po(u, 2) =

which is well-defined as the following diagram commutes:

( Dtvwot) — —
Ua X (Z x Z) ‘ le(Ua) xngl(Ua)
J//A*Z i/A*Z
Uy X Z a (pr *pr) ' (Ua)

12



noting that as before we can identify £3£ with Z using addition.
AZ

Now note that for any (a, 3) € I? such that U, N Us # @ we have the
following commutative diagram:

—1 —1
(Parba) . (eg )
Ua NUB) X Z X Z ———> pp; (Ua NUR) X pg (Uq NUg) ———————> (Ua NUp) X Z X Z

/A% /A% /A%
Lfl
]

(Ua NUg) x Z (pr *Pr) " (Ua NUg) (UaNUg) x Z

Going along the top row then down sends (u,0,0) to (u, 24,8 + ga,3), but
going down then along the bottom sends it to (u,ln3). Thus lo 3 = 2a,8 +
Ja,3, SO our map Ay is a homomorphism. O

This completes the proof that we have an injective homomorphism
A: Z-Covaet(G) — HYG, 2).

2.5 The map B: Homu(n(G), Z) — Extaer(G; 2)

Given f € Homeont(n(G), Z) we want to find a definable Z-covering homo-
morphism B(f) := (py: Hf — G) which is unique up to definable equiv-
alence. Refering to [22] Proposition 1.1.6 we see that our f must factor
through one of the co-ordinates in the inverse limit, i.e. though Ker(py) for
some py: H — G in Covi,(G). This means that, letting [ denote the
projection from 7(G) to the component Ker(pg), there is a homomorphism
fm such that the following diagram commutes:

n(G) —> Kerpy

"o

Z

Now let o
Hi=——"  _xZ
I~ Ker(fu) =

and define p} by letting, for [z] € H/Ker(fy) and 2 € Z:

py([2l, 2) := pu ().

This map, p}, is well defined since, for any x' € [z] we have that 2/ = x4+ xg
for some zy € Ker(fy) C Ker(pg). Thus py(2') = puy(z + xo) = pu(x) +
pu(z0) = pH(T).

Now take
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and note that p”JZ induces a well defined map
p f - H f — G,

for if [[x1], z1] = [[w2], 2] then [x1] = [z2] so pu(z1) = pu(z2).

To see that py is a definable Z-covering homomorphism notice that py is
clearly surjective, and the isomorphism in the expression below is canonical,
so we can identify Ker(py) and Z.

Ker
(Kergﬁzg) XZ Im(fu)x Z

Im(fr) x [0]  Im(fm) x [0]

To show that this map B is well defined we must consider the posibility
that the element of the inverse system through which our homomorphism
f factored is not unique. So let us suppose that we have the following
commutative diagram:

Ker(py) =

Ker(pg) .

~

fu
A
fx
)

I
n<G>/ !
S

Ker(pg

We need to show that we have a definable isomorphism of groups between
H} = H/Ker(fy) x Z and K/Ker(fx) x Z = K}, which commutes with the
covering maps pm, and pg e

This reduces to showing we have a definable isomorphism F' : K /Ker(fx) =
H/Ker(frg) which commutes with the restrictions of the definable cover-
ing homomorphisms py and px to the projections of the first variables,
ie. if gy : H/Ker(fuy) — G and px : K/Ker(fx) — G are given by
[2] — pr(z) and [y] — pk (y) respectively then ¢y = qx o F.

Note that the diagram also gives, by the first isomorphism theorem,

Ker(pn)/Ker(fu) =j, Im(fu) = Im(fx) =1 Ker(px)/Ker(fx) ().

We can always take the fibre product of H and K, and note that
PHxok: H xg K — G given by pux,k(z,2') = pu(x) = px(2’) is in
Covi.¢(G), and that the following diagram commutes




Thus, by arguing symetrically, we can assume that there is a definable cov-
ering homomorphism p: K — H such that px = pg op and fx = fr op.

Now let the definable homomorphism F': K — H/Ker(fm) be the re-
sult of applying p and then the projection H — % We prove that
Ker(F) = Ker(fk), so that the first isomorphism theorem (for definable
groups) gives us the map we need, and we will then see that it commutes
with gy and qx by the the fact that p commutes with pg and pgy.

We have that x € Ker(F) iff p(x) € Ker(fm). But by (x) this then gives
frto fu(p(z)) € Ker(fk), i.e. x € Ker(fx).

Conversely if x € Ker(fx) then fx(x) = 0 € Ker(px)/Ker(fx), so
by (%) again fy o p(x) = 0 € Ker(py)/Ker(fg). So p(z) € Ker(fg), ie.
x € Ker(F). N

Now it is clear that the definable isomorphism, F', induced by F on the
quotient group commutes as required from the following diagram:

This completes the proof that B is a well defined map.
We do not show that B map is a homomorphism directly, but show that
it has an inverse, and that this inverse is a homomorphism.

2.6 The isomorphism C': Extge(G; Z) — Homeon (n(G), Z)

For any definable Z-covering homomorphism pg: H — G we first take the
restriction of pg to the definably connected component of H, pyo: H° —
G. Then, since this is a definable covering homomorphism in Covi(G)
(by Corollary 3.7 in [6]) there is a canonical projection homomorphism
lgo: n(G) — Ker(pgo), which is clearly continuous. Also, since py is a
definable Z-covering homomorphism, we have Ker(pgo) < Ker(py) = Z,
and we call this inclusion ggo. Thus ggo o lgo is, in fact, an element of
Homeont (7(G), Z). Let C(pr) = ggo o lgo.

To see that C is well-defined we note that if FF : H — K is a defin-
able equivalence then we have that F' restricts to the definably connected
components (i.e. F(ey) = ex € K" so that F : H — KV is a definable
equivalence). Then, since py = px o F, we get that F' maps Ker(pgo) to
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Ker(pko), that F|ker(p,,0) = id, and that F' commutes with g0 and lfo and
also with gxo and ggo. Thus the following diagram commutes, so the map
is well-defined:

Ker(ppo)

Ker(pgo)
Lemma 2.13 C' is a homomorphism.

Proof. We take py: H — G and pg: K — G in Extget(G; Z) and show
that C'(pg * px) = C(pm) + C(pk ). But this follows from the fact that the
following diagram commutes.

n(G)

ZHOXGKO
lgo | [lxo0

Ker(pgo) x Ker(pgo) =z . Ker(ppox ko)

gHOlngO J{/AE

ZxXZ Ker(pgoyxo)
l—‘ry
Z.

This gives the result since we get C(py * px) by following the right hand
arrows and C(py) + C(pk) by following the left hand arrows.

Lemma 2.14 C is an inverse to B.

Proof. We first show that C'o B = idgom,,.. (y(@),2), S0 that C is surjective,
and then show that C is injective.

So suppose that f € Homeont(7(G), Z) and B(f) = (py : Hf — G)
where Hy = H/Ker(fy) x Z/Im(fn), with f factoring through the pro-
jection lg: n(G) — Ker(py) and fg: Ker(py) — Z, for (pg: H —
G) € Covi(G). Then note that H;® = H/Ker(fy) (as H was definably

Ker(pg)

Ror(fu) SO that the following diagram

connected) and that Ker(pro) =
commutes:
L 0

T

l
n(G) — Ker(py ) —= Ker(py,0)
\\;>\\\\ lfH Tr1 0
Z.
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Thus we get that C(py) := 9p,0 © leo = fgolyg = f. So C is a left inverse
to B.

To see that C' is injective let (py : H — G) € Ker(C). Then we have
the following diagram

n(G)

w|

Ker(pgo).

As Ker(pgo) # 0 implies that gg o lzo # 0, we must have Ker(pgo) = 0,
so that there is a definable isomorphism H° =0 G, which gives a definable
isomorphism H = G x Z, which will clearly commute with the py and
projection homomorphism G x Z — G. But this means that py : H — G
is the identity in the group Extqef(G;Z), so C is injective, and thus the
inverse of B. O

Thus we have that C' is an isomorphism, and an inverse to B.
Lemma 2.15 If f € Homeont (n(G), Z) is surjective then Ao Po B(f) # 0.

Proof. It is clear from the construction of B that if f € Homeont(n(G), Z)
is surjective, and factors through py : H — G, then Ker(py) = Z, so that
Im(fy) = Z, and so Hy = H/Ker(fg), which is definably connected since H
is. Clearly no definably connected definable Z-covering homomorphism can
be definably homeomorphic to the trivial Z-covering homomorphism (which
is definably disconnected). This means that the map P o B will not send any
surjective elements of Homeont (7(G), Z) to zero. As A is a monomorphism,
this gives us that our map A o P o B has the same property, as required.[]

Thus we have completed the proof of Theorem 1.1.

3 The isomorphism H*(G;Q) ~ H*(G/G"; Q)

Here we prove Theorem 1.2 from the introduction and state and prove some
similar applications of the Hurewicz theorem. So throughout this section
let A/ be a sufficiently saturated o-minimal expansion of an ordered field
(N,0,1,+,-,<).

Note first that below we will use the o-minimal Cech cohomology theory
(H*,d*) construted in [9] where we also showed that it satisfies the o-minimal
Eilenberg-Steenrod axioms. In o-minimal expansions of fields, there is (by
[11]) a unique o-minimal cohomology theory with fixed coefficients satisfy-
ing the Eilenberg-Steenrod axioms adapted to the o-minimal setting, up to
isomorphism. Thus the o-minimal Cech cohomology (H*,d*) coincides with
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the o-minimal singular cohomology (H*,d*) and so we will switch from one
to the other when convenient.
Proof. [of Theorem 1.2]

We know that G is definably compact, definably connected and abelian,
and so by [13] G/G is a compact connected abelian Lie group of dimension
dim(G), and so it is isomorphic to a product of dim (G) many unit circles in
R2. This last group is definable in the real field, which is o-minimal. Thus
we can apply our Hurewicz theorem to both G and G/G%, thus obtaining
a commutative diagram of homomorphisms:

B
Homeont (1(G), Z/p7Z) ¢ Extqer(G, Z/pZ)

in(pc) lpc

Homeont (n(G/G™), Z/pZ) Exttop(G/GOO, Z7/pZ)

CQ/QOO

where n(pg) := Cg/qooopgoBg, with Cg oo and Bg as in Section 2, and pe
is induced by pg : G — G/G (this is well defined since if h : H — G is
a definable covering homomorphism with kernel Z/pZ, then h : H/H% —
G/G" is also a definable covering homomorphism with kernel Z/pZ since,
by [1] Corollary 4.7, following [15] in the abelian case, H is torsion free).

Since p¢ is injective, and as we saw above Bg and Cg goo are injective,

n(pa) is injective. From Theorem 2.3 we know that n(G) = 7{(_5) (profinite
completion) so since m(G) ~ ZIME (by [10]) we get

U(G) — ZdimG — Hp(Zp)dimG.
Similarly we also have
~dim 00 im 00
n(G/GOO) _ Zd G/GP _ Hp(Zp)d G/G

(where in both cases above Z,, is the ring of p-adic integers). So using the
fact that dimG = dimG /G we see that n(pg) is an isomorphism. So Bg,
pG and Cg oo are also isomorphisms.

Since H*(G; Q) ~ Alwi, - . ., wdima @, with the w;’s of degree one (from [10]),
by the universal coefficients theorem from homological algebra we also have

H*(G;Z/pZ) = Nwi, . . ., WdimGlz/pz-
Thus the Hurewicz homomorphism
Homeont (n(G), Z/pZ) — H'(G: Z/pZ)
is an isomorphism, and similarly we have an isomorphism

Homeont (7(G/GY), Z/pZ) — H'(G/GY; Z/pZ).

18



Combining these two isomorphisms with 7(pg), and noting that the
finitely generated Hopf algebra structure gives that the level 1 cohomology
determines the cohomology at all levels, we get an isomorphism

H*(G;7/pZ) ~ H*(G /G, Z/pZ).

By construction this is induced by the quotient homomorphism pg :
G — G/GP, as we now explain. We will show that the Hurewicz map
Homeont (7(G), Z/pZ) — H'(G;7Z/pZ) is intrinsic to the group G (i.e. does
not rely on any arbitrary choices that we make). This also shows that that
maps Bg and Cg/goo are canonical. Then we see that the map n(pg) is
induced by pg, as it is just the composition of the maps B and Cg/goo and
PG, which is constructed directly from pg. As the final isomorphism is also
just a composition of the (canonical) Hurewicz maps and n(pg), this will
complete the proof that our final isomorphism is indeed induced by pg.

So, to show that the Hurewicz map is intrinsic take a definable isomor-
phism of groups f : G — G’. This is a definable covering homomorphism,
and so gives a canonical homomorphism

f : Homeont (n(G), Z/pZ) — Homeont (n(G'), Z/pZ).

Then we have a commutative diagram:

Homeont (n(G)a Z/pZ)

|

F
Homeont (’I’](G,), Z/pZ)

oY (G, Z/pZ)

if*

oY(G",Z/pZ)

where the horizontal arrows are the Hurewicz maps, showing that they are
given by the group structure of G alone.

Finally, by the universal coefficients theorem from homological algebra,
we then also have an isomorphism

H*(G;Q) ~ H*(G/G"; Q)
induced by the quotient homomorphism pg : G — G/G® as required. O

Assume now that G is definably semi-simple, i.e. it has no non trivial
normal abelian definable subgroups of positive dimension. In this case, the
center Z(G) of G is finite and by [16] and [17] (the proof of Theorem 5.1
there), there are N-definably simple, N-definable groups G; defined in the
pure field N over the emptyset such that G/Z(G) is definably isomorphic
to G1 ><'-~><Gl.

We will generalize this result in the following way:
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Theorem 3.1 Let G be a definably semi-simple definable group. Then G is
definably isomorphic to an N-definably semi-simple, N -definable group G’
defined in the pure field N over the emptyset.

This theorem is a consequence of a more general result which we now
introduce. Let Ny be a reduct of N which is still an (o-minimal) expansion
of the field N and suppose that S is an elementary substructure of Nj.
Following [13] we say that a definable group G has a very good reduction
over § if G is definably isomorphic (in N') to an S-definable group G’
defined with parameters over S.

Proposition 3.2 Ifh: G — H is a definable covering homomorphism and
H has a very good reduction over S, then there is an S-definable covering
homomorphism h' : G' — H' defined with parameters over S which is
definably isomorphic (in N') to h : G — H. So in particular, G has a very
good reduction over S.

Proof. By composing h with the definable isomorphism between H and H’
(the good reduction of H over §) we may assume that H = H'.

Let L = hy(m1(G)) < m1(H). By the invariance of o-minimal fundamen-
tal groups ([2]) we have that 71 (H) is the same as 7 (H'(S)) computed in
S. So L is a subgroup of 71 (H'(S)). Therefore, working in the o-minimal
structure S (with parameters from S), we see that by [7] Theorem 1.4 as we
already saw, there is an S-definable covering homomorphism 4’ : G’ — H’
defined over S such that hl(m(G")) = L.

Now working in N it follows from [7] Theorem 1.4, as we already saw,
that the definable covering homomorphisms h : G — H and h' : G’ —
H " are both definably equivalent to the definable covering homomorphism
G/L — H induced by the locally definable universal covering homomor-
phism p : G — G of G. In particular, there are definable isomorphisms
G~G/L~G. O

To prove Theorem 3.1 apply Proposition 3.2 to the definable covering
homomorphism h : G — G X --- X G; which is the composition of the
quotient definable homomorphism G — G/Z(G) and the definable isomor-
phism G/Z(G) ~ G1 x --- x G}, and take N to be the pure field N and S
the real algebraic closure of Q in V.

We can now deduce our theorem for the definably semi-simple case:

Theorem 3.3 Let G be a definably semi-simple definable group. Then there
exists an isomorphism

H*(G;Q) ~ H*(G/G"™; Q)

induced by the quotient homomorphism pg : G — G /G".
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Proof. Let G’ be as in Theorem 3.1. Then by [19] Proposition 3.6 and [15]
Fact 4.1, we have G'/(G")%° ~ G'(R). So, under the definable isomorphism
G ~ G’ of Theorem 3.1, the quotient homomorphism pg : G — G/G
can be identified with the standard part homomorphism st : G’ — G'(R).
Hence, by the invariance of o-minimal singular cohomology from [11], we
have an isomorphism

H*(G;Q) ~ H*(G/G™;Q)

induced by the quotient homomorphism pg : G — G/G® as required. O
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