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1 Introduction

We work over an o-minimal expansion N= (N,0,1,<,+,-,...) of a real
closed field. Definable means N-definable (possibly with parameters).

We are interested here in orientation theory for definable manifolds based
on o-minimal homology theory in analogy to orientation theory of topological
manifolds based on topological (singular) homology. For the later, see for
example, [d] Chapter VIII. The former already appears in [bo2], however, as
we explain below the approach we take here is sightly different. The paper
[pt] contains an orientation theory for definable manifolds which does not use
o-minimal homology. On definably compact definable manifolds, the three
orientation theories agree and they also agree with the topological orientation
theory when N = R.

A definable manifold, say of dimension n, is a triple (X, X;, ¢;)ie; where
{X; :i € I} is a finite cover of the set X and for each i € I:

(i) we have injective maps ¢; : X; — N™ such that ¢;(X;) is an open
definably connected definable set;

(ii) each ¢;(X; N X;) is an open definable subset of ¢;(.X;);

(iii) the map ¢;; : ¢;(X; N X;) — ¢;(X; N X;) given by ¢;; = ¢;0¢; " is a
definable homeomorphism for all j € I such that X; N X; # 0.

A definable manifold (X, X;, ¢;)cs is called an affine definable manifold
if X is a definable subset of some N* and the topology of X is the induced
topology on N* generated by the open boxes associated to the total ordering
on N.

As usual, we will often ignore the definable charts (X, ¢;)icr of the defin-
able manifold (X, X, ¢;)ic; and simply say that X is a definable manifold.
Based on [bol], we observe in [e] that a Hausdorff definable manifold is affine.
Thus, without loss of generality we will work only with affine definable man-
ifolds.

In the classical case we deal with locally compact topological spaces while
here we have to work with definable sets equipped with the o-minimal site
instead of the strong topology induced on them by the order topology. This
is so because definable sets with the strong topology are totally disconnected
and never locally compact unless the definable set is finite or N = R.

The o-minimal site DTOPx on a definable set X C N™ is the site whose
underlying category is the set of all open definable subsets of X (open in the



strong topology) with morphisms the inclusions and, an admissible covering
{U; : i € I} of some U in DTOPy is a family {U; : i € I} in DTOPx
with U = U{U; : ¢ € I} and such that there are iy,...,4; € I with U =
Uy, U---uU,,.

The other ingredient of our theory is o-minimal homology. In o-minimal
expansions of real closed fields, Woerheide gives a direct construction of the
o-minimal simplicial and singular homology (H.,, d,) with coefficients in Z in
[Wo]. This construction easily gives, as in the classical case treated in [d]
Chapter VI, Section 7, the o-minimal simplicial and singular homology with
coefficients in arbiratry rings.

Woerheide’s results are based on the definable triangulation theorem
([vdd]) and on the method of acyclic models from homological algebra and
are rather complicated due to the fact that, in arbitrary o-minimal expan-
sions of fields, the classical simplicial approximation theorem and the method
of repeated barycentric subdivisions and the Lebesgue number property for
the standard simpleces A™ fail.

We now explain the novelty of this paper in relation to the theory pre-
sented in [bo2]. In [bo2] o-minimal orientation of a definable manifold X of
dimension n is defined adapting the classical definition such that although
o-minimal homology is used, X is equipped with the strong topology. Our
appproch is different mainly because on X we make use of the o-minimal site
rather than the strong topology. In this way, o-minimal orientation on X
will be defined by the o-minimal orientation sheaf on X.

2 Good covers of definable manifolds

We will from now on assume that (X, X;, ¢;)icr is a Hausdorff definable man-
ifold of dimension n, hence affine.

By B, (p, €) we denote the open ball in N™ centered at p and with radius ¢;
B,.(p, ) will denote the closure of B, (p, ¢) and we set S"(p, €) = B,(p, €) —
B, (p,e€) .

Below we recall the theory from [e] of good covers of definable manifolds
by open definable subsets.

Definition 2.1 A special open definable subset of X is a definable open sub-
set V of X such that there is a definable homeomorphism h : V' — B, (0, €).



A special pair of open definable subsets of X is a pair (V,U) such that:
(i) V and U are definable open subsets of X with U C V;
(ii) V is a special open definable subset of X;

(iii) there 0 < § < € such that U = h=1(B,(0,6)) where h : V. — B,(0, ¢)
is the corresponding definable homeomorphism.

Definition 2.2 Let A be a definable subset of X. A good cover of A by spe-
cial open definable subsets is a family {W7, ..., W;} of special open definable
subsets of X such that:

(i) the intersection of any two elements of {W7, ..., W} is a finite (possibly
empty) union of elements of {Wy,... , W;};

(i) ACU{W;:i=1,...,1}.
We say that a good cover {W7i, ..., W;} of an open definable subset U of
X is compatible with U if W; C U for alli=1,...,[.

The following theorem is the main result of [¢]. We could not find an
analogue of this for topological (or differentiable) manifolds, even in the
compact case.

Theorem 2.3 For every open definable subset U of X, there exists a finite
good cover compatible with U. In fact, any finite cover of X by open definable
subsets can be refined by a good cover of X by special open definable subsets.

Let {V;:i=1,...,k} beagood cover of X by special open definable sub-
sets such that h; : V; — B,(0,¢;), for i = 1,..., k, is the corresponding de-
finable homeomorphism. If for each i = 1,..., k, we have U; = h; '(B,(0, ;))
for some 0 < §; < ¢;, then we say that {(V;,U;) : i =1,...,k} is a family of
special pairs of open definable subsets of X obtained from {V; : i =1,... k}.

Corollary 2.4 Let A C X be a definably compact definable subset of X.
Then there are finite families { Ay, ... A}, {Uy, ..., Ux} and {Vi, ..., Vi} such
that:

(1) {A; : i =1,...,1} is a family of definably compact definable subsets
of A with A=U{A; :i=1,....1}, and {0, Ay, ... A} is closed under
intersection.



(2) {V;:i=1,... k} is a good cover of X by special open definable subsets
such that {(V;,U;) : i = 1,...,k} is a family of special pairs of open
definable subsets of X obtained from {V;:i=1,... k}.

(3) For each A; # 0, there is j; € {1,...,k} such that A; CU;, CV;, and
for each j = 1,...,k, there is a definable triangulation (V;, M;) of V;
such that for all A; C U;, W;(A;) is closure of the geometric realization
of a simplex of M;.

(4) {U;:i=1,...,k} is a cover of A by open definable subsets such that,
for each i = 1,...,k, the closure U; of U; in X is definably compact
and there is a definable homeomorphism from U; into the closed unit
ball in N™ sending U; — U; into the unit (n — 1)-sphere.

This corollary is also from [e]. The statment of Corollary 2.4 (4) was
obtained in [bo2] by completely different methods.

3 Orientable definable manifolds

In this paper, R will be an hereditary ring with unit, i.e., every submodule of
a free R-module is free. All fields are, of course, hereditary. A commutative
ring is hereditary if and only if it is a principal ideal domain.

We define here the notion of R-orientation of X. Our approach follows
the classical one from [d] Chapter VIII, Section 2. However, unlike in the
topological setting, we must work with the o-minimal site and the results
from Section 2 will be crucial.

3.1 The local homology R-modules

In the classical case, the results of this subsection are local results. Here they
are results about special pairs of open definable subsets. We require these
lemmas for our definitions on Subsection 3.2.

Remark 3.1 Let (V,U) be a special pair of open definable subsets of X
such that x € U. Then the following hold:

(i) V and U are acyclic, i.e., their o-minimal homology is trivial in all
degrees except in degree zero (where it is isomorphic to R).
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(i) V= U, V —x and U — 2 have the same o-minimal homology as the
(n — 1)-sphere, i.e., their o-minimal homology is trivial in all degrees except
in degrees 0 and n — 1 where it is isomorphic to R.

Lemma 3.2 For any point x € X, H, (X, X —x;R) is R iff ¢ = n and is
zero otherwise.

Proof. By Corollary 2.4, let (V,U) be a special pair of open definable
subsets of X such that x € U. Then

Hy(X,X —x;R) ~ H,(V,V —2;R) ~ H,_,(V — 2;R) ~ R.

The first equality is obtained by the o-minimal excision axiom for the closed
definable subset X —V of the definable open set X —x and the second follows
from the exact sequence of the pair (V,V —x) since V' is acyclic (see Remark
3.1). The third equality follows from Remark 3.1. O

Lemma 3.2 shows that a definable manifold X of dimension n is a homol-
oqy definable manifold of dimension n, i.e., X is a definable set of dimension
n such that for every z € X, the ring H,(X,X — z;R) is R if and only if
g = n and is zero otherwise. For a different proof of this fact see [bo2] Lemma
4.10.

Definition 3.3 Suppose that o, € H, (X, X —2; R) and U C X is an open
definable neighbourhood of . Then o € H,,(X, X — U; R) is called a contin-

uation of o, in U if we have a, = j¥(«) where
Y H (X, X —U;R) — H,(X,X —1;R)
is the canonical homomorphism induced by inclusion.

Arguing as in [d] Chapter VIII, Lemma 2.2, one can show that for a, €
H, (X, X — z; R) there exists an open definable neighbourhood U of z and a
continuation o € H, (X, X —U; R) of a,, in U. However we will be interested
in a special kind of continuations.

Lemma 3.4 Let (V,U) be a special pair of open definable subsets of X such
that x € U. Then for every y € U, the homomorphism

§  Hy(X, X = U;R) — H,(X,X —y; R)
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is an isomorphism (hence oy, has a unique continuation in U ). In particular,
if o is a generator of Hy(X, X — x; R) and « is the unique continuation of
ay in U, then for every y € U, j;f(oz) is a generator of H,(X, X — y; R).

Proof. We have the following commutative diagram:

H(X,X —U;R) ~ H,(V,V—-U:R) ~ H, (V—U;R)
L l l

H,(X, X —y;R) ~ H,(V.V—-y;R) ~ H,(V—-y;R)

in which the left horizontal isomorphism are excisions and the right ones are
connecting homomorphisms (V' is acyclic). The right vertical arrow is an
isomorphism by Remark 3.1. Therefore, jg is an isomorphism. O

3.2 The orientation sheaf of a definable manifold

As we mentioned before, here we make use of the o-minimal site. Our defini-
tion are obtained from the classical ones by replacing the use of the topology
by the o-minimal site. We will use the words presheafs, étalé spaces and
sheafs, but our definitions are self contained and no knowledge of the theory
of sheafs is required.

Definition 3.5 The R-orientation presheaf OX on X is the contravariant
functor from the category DTOP x into the category of R-modules such that
U in DTOPy is mapped into H,(X, X — U; R) and the inclusion V" — U
in DTOPx is mapped into the homomorphism of R-modules

GO Hy(X, X —U;R) — H,(X,X —V;R)
induced by inclusion. The homomorphism ;¥ is called a restriction map.

Note that, if V' — U is in DTOPx and y € V, then j) o jiy = 5.
Therefore, by Lemma 3.4 the stalk OX of OX at x € X, which is by definition
the direct limit OF = lim,cy OX(U) with respect to the restriction maps, is
H,(X,X —x;R) and, j¥ : H,(X,X —U; R) — H,(X,X — z; R) is exactly
the natural map induced by the direct limit.



Definition 3.6 The étalé space OX of the R-orientation presheaf OX is the
topological space

OX ={(z,0) 1 2 € X, ay € Ho(X, X — 2 R)}

where the basis for the topology on OX is given by (W, aw) = {(z,a,) : = €
W, a, = j%¥ (aw)} for open definable subsets W of X for which there is a
special pair (V, W) of open definable subsets of X together with the étalé map
pX 1 OX — X given by p¥ (7, 0,) = x (i.e., p* is locally a homeomorphism).

The fact that the collection of open subsets of 0X given above is a basis
for a topology follows from Lemma 3.4. Also, by the same lemma, if (z, ;) €
0¥, (V,U) is a special pair of open definable subsets of X with € U and
oy is the unique continuation of o, to U, then (p*), : (U,ay) — U is a
homeomorphism .

Definition 3.7 Let U be a nonempty definable subset of X. A map s :
U — O such that p* os = 1y is called a section (of OX) over U if for
every special pair (V, W) of open definable subsets of X such that UNW = (),
for each definably connected component Y of U N W, there is a basis open

subset (W, oY) of OX such that s(y) = (y,7, (aqy)) for ally € Y.

Example 3.8 Assume that h : X — B,(p,¢) is a definable homeomor-
phism into the open ball in N™.

Let a be an element of H,(X,X — h™'(p); R). For each 0 < r < &,
let a, € H,(X,X — U,; R) be the unique continuation of « to U,, where
U, = h™Y(B,(p,r)). Let 54 : X — OX be given by s.(z) = (z, 5V (o))
whenever x € U,.

Clearly, s, is a well defined map such that pos, = 1x, since if r < t <€,
then a, = ji' (). Also, s, is in I'(X; R). In fact, if (V, W) is a special pair
of open definable subsets of X, then there is 0 < r < € with V' C U, and
aw = jir (@) is such that s,(y) = (y,3, (aw)) for all y € W.

For the classical analogue of Definition 3.7 see [d] Chapter VIII, Definition
2.4. There, a section is a continuous map s : U — OX such that pXos = ly.
Later in this subsection, we will show that, if N = R thenamap s : U — O
such that pX o s = 1y is a section if and only if is continuous.



Proposition 3.9 Let U be a nonempty definable subset of X. Then the set
I'(U; R) of all sections over U is in a natural way an R-module.

Proof. For s,t € T'(U;R), let s+t : U — OX be the map given by
(s +t)(u) = (u,s'(u) + t'(u)) for all u € U, where §', " are such that s(u) =
(u, 8'(u)) and t(u) = (u,t'(u)) for allu € U. Clearly we have p*o(s+t) = 1y.

Let (V,W) be a special pair of open definable subsets of X such that
UNW # () and let Y be a definably connected component of UNW. Let u € Y
and suppose that (s + t)(u) € (W,awy). By Lemma 3.4, there are unique
gy, ady such that s'(u) = 52V (afy) and t'(u) = jV (ady). Since 57 (o) =
IV (agy) + ¥ (aly), by Lemma 3.4, aw = af, + ofy. This implies that
(s +t)(w) = (w, 7 (aw)) for all w € Y.

For s e I'(U;R) and r € R, let rs : U — OX be the map given by
rs(u) = (u,rs'(u)) for all u € U, where s’ is such that s(u) = (u, s'(u)) for
all u € U. Clearly we have pX o (rs) = 1y. Let (V,W) be a special pair of
open definable subsets of X such that U NW # () and let Y be a definably
connected component of U N W. Let u € Y and suppose that rs(u) €
(W, o). By Lemma 3.4 there is a unique o, such that s'(u) = 5}V (ag,).
Since j%V (aw) = ri%¥(ag,), by Lemma 3.4, ayy = raf,. This implies that
rs(w) = (w, ¥ (aw)) for all w € Y. 0

Before we proceed we point out the following result which will be very
useful.

Lemma 3.10 Suppose that U is a nonempty definable subset of X and let
s,7 € I'(U; R). Then the subset of U on which s and r coincide is a finite
(possible empty) union of definably connected components of U.

Proof. Let u and v be two points in a definably connected component
of U. Then there is a definable path in U from u to v. The image B of this
definable path is definably compact and sz, 75 € I'(B; R). By Corollary
2.4, let (V1,U4),...,(Vi, Ux) be special pairs of open definable subsets of X
such that B C U{U; : i = 1,...,k}. By definition, for each = 1,... k,
s|p (resp., 1) extends uniquely to each definably connected component of
U; N B. Since B is definably connected, these components cover B. Thus
s and r coincide in a point in a definably connected component of U if and
only if they coincide on that definably connected component. a



Remark 3.11 Assume that h : X — B,(p,€) is a definable homeomor-
phism into the open ball in N™. Then it follows from Lemma 3.10 that all
sections of I'(X; R) are of the form s, as in Example 3.8. Hence, we have an
obvious isomorphism I'(X; R) ~ R of R-modules.

For the topological analogue of the next theorem see [d] Chapter VIII,
(2.7).

Proposition 3.12 Let U be a nonempty definable subset of X. Then we
have a canonical homomorphism

Ju: Ho(X, X —U;R) — I'(U; R)

defined by ju(a)(z) = (z,jY(a)) for x € U. Moreover, if V. C U is also a
nonempty definable subset of X, then we have the commutative diagram

o,(X,X -U;R) % T(U;R)
(ki |V

H.(X,X —V;R) &% T(V:R)
where Y is the restriction map.

Proof. Let a € H,(X,X — U; R). It is clear that p* o jy(a) = 1y. Let
(V, W) be a special pair of open definable subsets of X such that WNU # ()
and let Y be a definably connected component of W N U.

Let w € Y and, by Lemma 3.4, let o, € H,(X, X —W; R) be the unique
element such that jV(ad;) = jU(a). Let y € Y. Then there is a definable
path in Y from w to y. The image of this definable path can be decomposed
into cells. Clearly, we can assume without loss of generality that w and y are
the endpoint of the closure C' one such cell.

Since W is definably homeomorphic to an open ball in N, we can identify
W with an open definable subset of the (n + 1)-sphere S = S™*! in N™*1.
Furthermore, under this identification, C' in S is definably homeomorphic to
a closed interval. We have, by the excision axiom for o-minimal homology,
H,(S—-¢,S—-C;R)=H,W —¢c,W —C;R) for all ¢ € Z and ¢ € C. By
[Wol|, S — C and S — ¢ have the o-minimal homology of a point. Thus, by
the exactness axiom, H, (W — ¢, W — C;R) = 0 for all ¢ € Z. It follows
that the inclusion W — C' into W — ¢ induces an isomorphism in homology
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and hence the inclusion (W, W —C) — (W, W —¢) induces an isomorphism
H,(W,W —C;R) — H, (W,W —¢; R) for all ¢ € Z. By excision, we have
an isomorphism ;¢ : H,(X,X — C;R) — H,(X,X — ¢;R) for all ¢ € C.
Since j¢ is an isomorphism, we have ;% (ad,) = j%(a). Hence, for all ¢ € C,
we have j. (aqy) = j¢' (3¢ (eqy)) = j¢ (§é(a)) = j¢' (@) as required. O

The argument in the second paragraph of the proof of Proposition 3.12
is basically the same as that of Case 1 in the proof of [bo2] Theorem 5.2.

Remark 3.13 Suppose that V' C U C X are nonempty definable subsets
of X. Let T'(U,V; R) be the kernel of the restriction homomorphism r{ :
I'(U; R) — I'(V; R). Then there is a unique homomorphism jy,; making
the following diagram commutative

U
Hy (X -V,X —U:R) — H,(X,X—-U;R) % H,(X,X—-V;R)
ljU,V ljU ljv
TU
0 — I'(UV;R) —  I'(U;R) — I'(V;R).

Corollary 3.14 Suppose that U is a nonempty definable subset of X and
N =R. Then a map s : U — OX such that pX o s = 1y is a section if and
only if is continuous.

Proof. Let s € I'(U; R) and let u € U be such that s(u) € (W, aw).
Then there is a special pair (V,W) of open definable subsets of X with
UNW # 0. Let Y be the definably connected component of U N W such
that v € Y. Then Y is an open definable neighbourhood of w and, by
definition, s(Y) € (W, aw ). So s : U — OX is a continuous map.

Let s : U — OX be a continuous map such that p¥ os = 1. Let (V, W)
be a special pair of open definable subsets of X with UNW # (. Let Y be a
definably connected component of UNW and v € Y. By Lemma 3.4 there is
a unique o € H,,(X, X —W; R) such that s(u) = (u, 5V («)). By Proposition
3.12, jw(a)y € I'(Y; R) and, by the first paragraph, jw(o)y : Y — OX is
a continuous map such that p* o jy(a)y = 1ly. Since Y is connected and
s(u) = jw(a)y(u), by [d] Chapter VIIL, (2.6), we have sjy = jw (c)y. Thus,
s € I'(U; R) as required. 0

We now construct the R-orientation sheaf associated to the R-orientation
presheaf.
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Definition 3.15 The étalé space OX determines the presheaf of sections
which maps U in DTOPx into I'(U; R) and an inclusion V' — U in DTOPx
into the restriction map r¥, : T'(U; R) — T'(V; R). Futhermore, we have a
morphism of presheafs j : OX — OX given by ji : oX(U) — 5X(U).

Proposition 3.16 The presheaféx 15 a sheaf, called the R-orientation sheaf
of X, i.e., for every cover {U; : i € I} in DTOPx of U in DTOPx the
following conditions hold:

(i) if s,t € OX(U) and r¥.(s) = rf.(t) for alli € I, then s =t;

(ii) if s; € OX(U;) are such that rgszj(si) = r(U]ijj(sj) for every i,5 € 1
such that U; NU; # 0, then there exists s € OX(U) such that rg(s) = si for
alli e I.

Proof. Since sections are maps, (i) is clear. For (i), let s : U — OX
be the map given by s(u) = s;(u) for u € U;. Clearly, s is well defined and
p* os = 1y. It remains to show that s € I'(U; R). For this we may clearly
assume that U = U{U; : i € I}.

Let (V,W) be a special pair of open definable subsets of X such that
UNW # () and let Y be a definably connected component of U N W. Let
IW)={iel:UnNnW # 0} Then there are definably connected open
definable subsets Y;,...,Y; of X such that Y =Y, U---UY] and each Yj is a

definably connected component of U;;y N W for some i(j) € I(W). For each
j = 1,...,1, by definition, there exists a basis open subset (W, agﬂ) of OX
such that s(y) = s;;)(y) = (y,j;/v(a}vg)) for all y € Y;. Let Z = U{Y; : a;?} =
arp}. Then Z and Y\ Z are open definable subsets of Y. As Y is definably
connected and Z is nonempty, we have Y = Z and therefore, if af, = ag},
we have s(y) = (y,J," (agy)) for all y € Y as required. O

Since, by Theorem 2.3, X is covered by finitely many special open de-
finable subsets, we can often combine Example 3.8 and Proposition 3.16 to
construct element of I'(X; R).

3.3 Orientable definable manifolds

As before, we follow here the classical theory from [d] Chapter VIII, Section
2. But we work in the setup of the previous subsection.
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Definition 3.17 If x € X, then an R-orientation of X at x is a generator
a, of the R-module H,,(X, X — z; R) (see Lemma 3.2).

An R-orientation of X is a section s € I'(X; R) such that for each z € X,
if s(x) = (z,s'(z)), then s'(x) is an R-orientation of X at z.

We say that X is R-orientable if there is an R-orientation of X. Finally,
X is orientable if X is Z-orientable.

Example 3.18 Assume that h : X — B,(p,¢€) is a definable homeomor-
phism into the open ball in N™. If « is a generator of H,(X, X —h~(p); R),
then the section s, € I'(X; R) constructed in Example 3.8 is an R-orientation
of X.

By the universal coefficient theorem for o-minimal singular homology
(compare with [d] Chapter VI (7.9)), if X is orientable then it is R-orientable
for all coefficient rings R. Also, the excision axiom implies the following ob-
servation.

Remark 3.19 If X is R-orientable and Y C X is an open definable subset,
then Y is R-orientable. In particular, X is R-orientable if and only if all its
definably connected components are R-orientable.

The Kiinneth formula for homology for o-minimal singular homology
(compare with [d] Chapter VII (2.6)) easily implies the following remark.
For details compare with [d] Chapter VIII, 2.13.

Remark 3.20 Let X and Y be definable manifolds. Then there is a map
p: O%X x OY — OX*Y such that and the following diagram

OX % OY ﬁ> OX><Y
lpx xp¥ lexY

Xxy ¥ Xxy
is commutative. This map determines an R-module homomorphism
v:(X;R) xT'(Y;R) — I'(X X Y; R)
which sends an R-orientation of X and of Y into an R-orientation of X x Y.

The next remark follows immediatly from Lemma 3.10.
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Remark 3.21 Suppose that X is definably compact and definably con-
nected. Then any two R-orientations on X that agree at one point are
equal. In particular, X has a unique Z/2Z-orientation and if X is orientable
then it has exactly two distinct orientations.

Proposition 3.22 Suppose that R has no zero divisors. If X is R-orientable
and has k definably connected components then I'(X; R) ~ RF.

Proof. Clearly, we may assume that X is definably connected. Suppose
that s € I'(X; R) is an R-orientation of X. Fix z € X and suppose that
s(x) = (x,s'(x)) € (W, apy). Since §'(z) is an R-orientation at =, by Lemma
3.4, ayy is a generator of H,(X, X —W;R) ~ R.

Let t € T'(X;R). Then t(z) is in a unique (W, al;,) and, by assumption
on R, there is a unique u(t) € R such that o, = u(t)ay . But then t(z) =
Jw () (x) = u(t)jw(aw)(x) = u(t)s(z) and, by Lemma 3.10, we have ¢t =
u(t)s. By uniqueness of u(t), if r € R and ¢,l € I'(X; R), then u(rt) = ru(t)
and u(t + 1) = wu(t) + u(l). Hence, we have a well defined isomorphism
u: I'(X; R) — R of R-modules. O

Remark 3.23 Suppose that R has no zero divisors. If X is definably con-
nected and s € I'(X;R) is an R-orientation of X, then the étalé map
pX 0¥ — X is trivial, i.e., there is a bijection ¢ : 0¥ — X xR
given by ¢(z, o) = (z, AM(z)) with o, = A(z)s'(x) where s(z) = (z, s'(x)) for
all z € X, such that for each r € R, ¢~(X x {r}) is a definable manifold
and pi* 1 ¢~ (X x {r}) — X is a definable homeomorphism.

We end the section with a useful characterization of the notion of R-
orientability. Below, we talk of definable covering maps and definable cover-
ing maps. A continuous definable map ¢ : Y — X between definable sets is
called a definable covering map if q is surjective and there is a finite family
{U; : 1l € L} of open definable subsets of X such that X = U{U, : [ € L}
and, for each | € L, the definable subset ¢~'(U;) of Y is a disjoint union of
open definable subsets of Y, each of which is mapped homeomorphically by
q onto Uj.

Proposition 3.24 If X is definably compact and definably connected, then
there is a 2-fold definable covering map q : E — X such that E is an
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orientable definable manifold and E is definably connected if and only if X
18 mon orientable.

Proof. By Corollary 2.4, let (Vi,U;),...,(Vk,Uy) be special pairs of
open definable subsets of X such that X C U{U; : i« = 1,...,k}. For
each i = 1,...,k, let h; : V; — B,(0,¢;) be the corresponding definable
homeomorphism such that U; = h; '(B,(0,6;)). For each i = 1,... k, let
6 < 0; < ¢ and W; = h; Y (B,(0,6;)). Of course, (Vi, W;) and (W;, U;) are
special pairs of open definable subset of X forv=1,... k.

Let E be the set of pairs (z,«,), where z € X and «, is one of the
generators of H,(X,X — x;Z) (see Lemma 3.2). We denote by «, and a;
the two generators of H,(X, X — x;7Z).

For each i € I, Y; € {U;, W;} and « € {—,+}, by Lemma 3.4, let o3
be the two generators of H, (X, X —Yj;Z) and let Y;* = (Y;,a3.) C OX. As
we saw on page 8, Lemma 3.4 implies that, for ¢ € [ and x € {—,+}, the
restriction p‘X . Y — Y; of the étalé map p¥ : OX — X is a homeo-
morphism. On the other hand, again by Lemma 3.4, Y* C E. Thus E is
a definable manifold with charts {(W>,¢}) : i € I and » € {—,+}} where
vy W — B,(0,6;) is the restriction of hyw, o p|X to W, Furthermore,
the definable map ¢ : E — X given by ¢(z,a,) = x is a 2-fold definable
covering map.

Note also that {(W>,Ur) : i = 1,...,k and x € {—,+}} are special
pairs of open definable subsets of £ such that £ C U{U} : i =1,...,k and
x€{— +}}.

For i =1,...,k and x,x € {—,+}, let 2* = (x,a}) € U} and consider
the following commutative diagram:

H(E,E—-U~z) ™9 H(X,X-U;2Z)
ljf* ljif
X Hy(q) .
H(EE—242) ™9 H(X,X —2;2)
T T

Hun(q))
H (U Ur —24Z) =" Hy (U, U; — 23 Z)
where the vertical arrows are induced by the inclusions. By Lemma 3.4 and
excision, the vertical arrows are isomorphisms. Since ¢ : U} — U; is a
definable homeomorphism, the bottom arrow is also an isomorphism. Thus
the top arrow is an isomorphism as well.
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For i = 1,...,k and x € {—,+}, let 85 = (H,(q)) " (a}) and s¥ =

Jus(BF) € T(Uf; Z) (by Proposition 3.12). By the diagram above, we have

Uy o — Ui * S
TU}mU;(Si) = T’U;OU;(SJ-) for every i,7 = 1,...,k and *,* € {—,+} such

that U N UF # (). Therefore, by Proposition 3.16, there exists s € I'(E; Z)
such that ré*(s) =sfforalli=1,...,k and x € {—,+}. Clearly, s is an
orientation of E.

Suppose that X is non orientable. Then FE is definably connected for
otherwise, ¢ induces a definable homeomorphism between X and a definably
connected component of F contradicting the orientability of E and its defin-
ably connected components. Conversely, if s € I'(X;Z) is an Z-orientation
of X, then s: X — F is a definable continuous map. By construction of F,
both s(X) and E — s(X) are nonempty open definable subsets of E. There-
fore, F has two definably connected components since £ — s(X) coincides
with —s(X). O

Proposition 3.25 Suppose that R has no zero divisors. If X is definably
connected, definably compact and non R-orientable then I'(X;R) ~ {r € R :
2r = 0}.

Proof. Since X is non R-orientable, by the universal coefficient theorem
for o-minimal singular homology (compare with [d] Chapter VI (7.9)), X is
non orientable. Thus, by Proposition 3.24, there is a 2-fold definable covering
map ¢ : K — X such that F is a definably connected orientable definable
manifold. By the universal coefficient theorem for o-minimal singular homol-
ogy, there is an R-orientation s € I'(F; R) of E determined by an orientation
of E.

As in the proof of Proposition 3.24, for ¢ = 1,...,k, *,x € {—,+} and

x* = (z,a}) € Uf consider the following commutative diagram of isomor-
phisms:
H.E,E-U5R) ™ H(X,X -UsR)
*. Hn(q) .
H,(E,E —z*;R) — H,(X,X —x;R)
T T

H U U —atR) S H (UL U — 22 R)
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where the vertical arrows are induced by the inclusions.

Fort e (X;R),i=1,...,kand x € {—,+}, let 8 = (H,(¢q))"*(;) and
e(t); = jus(B7) € T(Uf; R) (by Proposition 3.12), where ¢y, = ju,(7i). By the
diagram above, we have ng:mU; (e(t)y) = rgj;mU; (e(t);) forevery i, j=1,....k
and *,x € {—,+} such that U N U; # (). Therefore, by Proposition 3.16,
there exists €(t) € I'(E; R) such that rgi*(e(t)) =e(t)r foralli=1,...,k and
*xe{—,+}.

The map € : ['(X; R) — I'(E; R) is clearly an injective homomorphism
of R-modules. Our goal is to show that uoe: T'(X;R) — {r € R:2r =0}
is an isomorphism, where u : I'(E; R) — R is the isomorphism of R-modules
given in (the proof of) Proposition 3.22.

Let m : E — F be the definable homeomorphism given by m(x, o)
(x,a;) and m(z,a;) = (z,a)). Then ¢ = gom. For t € T'(F;R), i
...k and x € {—, 4}, let Bf = (Hu(m))"'(7}) and p(t); = ju:(5})
['(Uf; R) (by Proposition 3.12), where ty+ = jys(7/). By construction, we

m I

have rggmm(u(t)j) = Tg}mm (u(t);) forevery i, j = 1,... kand *,x € {—, +}
such that %JZ* NU; # 0. lerlerefore, by Proposition 3.16, there exists u(t) €
['(E; R) such that r&. (u(t)) = p(t); for alli =1,...,k and x € {—, +}.
The map p : F(E; R) — T(F;R) is clearly an isomorphism of R-
modules. Since ¢ = g o m, by definition of s, we have u(s) = —s and,
if t € T'(X;R), we have pu(e(t)) = €e(t). Therefore, u(e(t))s = €(t) =
w(e(t)) = —ule(t))s. Since, by Proposition 3.24, I'(E; R) ~ R and R has
no zero divisors, we have u(e(t)) = —u(e(t)) for all ¢t € T'(X;R). Thus
uoe:I'(X;R) — {r € R:2r =0} is an isomorphism as required. a

3.4 The fundamental class

We show below that an R-orientation of X determines in a canonical way a
homology class called the fundamental class. The classical analogue of this
theory is treated in [d] Chapter VIIL.

Definition 3.26 Let A be a nonempty definably compact definable subset
of X. By Corollary 2.4, let {0, A;,..., A;} be a finite family closed under
intersection of definably compact definable subsets of A such that A = U{A; :
i=1,...,1} and let {(V1,U),..., (Vk,Ux)} be finitely many special pairs of
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open definable subsets of X such that for each i there is a j; such that
A triple of the form (A;,U;,,V;,) will be called a special triple of A.

Lemma 3.27 Suppose that A is a nonempty definably compact definable sub-
set of X and (C,W,V) a special triple of A. Then for every ¢ € C, the
homomorphism

3¢ H (X, X —C;R) — H,(X,X — ¢;R)
18 an isomorphism.

Proof. We have the following commutative diagram:

Hy(X,X —C;R) ~ H,(V,V—-C:R) ~ H, (V—C;R)
Ik ! |

H,(X, X —y;R) ~ H,(V,V—-y;R) ~ H,1(V—-y;R)

in which the left horizontal isomorphism are excisions and the right ones are
connecting homomorphisms (V' is acyclic). If we show that V' — C has the
same o-minimal homology as the (n — 1)-sphere, then by Remark 3.1 the
right vertical arrow is an isomorphism. Therefore, jg is an isomorphism.

By Corollary 2.4 (3), there is a definable triangulation (¥, M) of V' such
that W(C) is closure of the geometric realization of a simplex of M. Let h :
V' — B,(0,¢€) be a definable homeomorphism such that W = h~'(B,(0,4))
for some 0 < 6 < e. Then the o-minimal homology of V — C' is the same
as the o-minimal homology of B, (0,¢) — h(C). Furthermore, (¥ o h=! M)
is a definable triangulation of B, (0,¢) such that W(h(C)) is closure of the
geometric realization of a simplex of M. Thus the result follows once we
prove the following claim.

Claim 3.28 Let (¥, M) be a definable triangulation of B,(0,¢) C N™ and r
an open simplex of M such that |r| C |M| and U(|r]) C B,(0,€). Then for
all ¢ € Z, the group ﬁq(Bn(O,e) — U () is Z for ¢ = n — 1 and is zero
otherwise.

Proof. Take a barycentric subdivision of M and let a € |r| be the
barycentre of r. Let A = B,(0,¢) — ¥1(a) and let B = B,(0,¢) — ¥~ (|r|).
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For each point = in the boundary d|r| of [r| in |M]| let I} (t) with t > 0 be
the half line that starts from a and passes through x. The family {7 (¢) :
z € d|r|} is a uniformly definable family. Since by invariance of domain (see
[Wo]) |M] is open and |r| is definably compact, there is an open simplex
s in N™ with barycentre a such that: (i) |r| C |s|; (ii) every face of § in
N™ is in an affine space parallel to the affine space determined by a face of
7 C M and (iii) |s|] € |M|. For each z € d|r|, let s, > 0 be the unique
element such that If(s,) € d|s| and let r, > 0 be the unique element such
that I} (r,) € d|r| (i.e, such that I} (r,) = ). Let C' = B,(0,¢) — ¥7!(|s])
and let ic : C' — B be the inclusion map. Let f: |[M|— |r| — | M| — |s|
be the definable continuous map given by f(If(t)) = s, for r, <t < s,, and
f(z) =z for all x € |M| — |s|. Note that this map is in fact a well defined
definable map since |s| — |r] is the set {I(t) : 1, <t < s,, « € 9|r|}. Now
let ' = Vo foW! Then we have F oic = 1¢ and ic o F is definably
homotopic to 15 via the definable homotopy K : [0,1] x B — B given by

K(z,b) =bfor b e C, and

Se — (2(82 — 12) +72))

K (2,011 (1) = U (1

T

(t—ry)+2(8p —72)+72))

on B —C. Hence, F': B — (' is a definable deformation retract and we
have H,(B) ~ H,(C) for all g € Z.

A similar argument shows that there is a definable deformation retract
G : A — C. Therefore we have H,(C) ~ H,(A) ~ H,(S"!) for all q € Z,
where S™~1 is the (n—1)-sphere. But with this we end the proof of the claim.
O

O

Note that Claim 3.28 follows from Case 1 in the proof of [bo2] Theorem
5.2 but we included here a different direct proof.

The classical analogue of the next theorem can be found in [d] Chapter
VIII, Section 3. The use of Corollary 2.4 simplifies the argument.

Theorem 3.29 Suppose that A C X is a nonempty definably compact de-
finable subset of X. Then

Jja: Hy(X, X — A;R) — I'(4A; R)

18 an isomorphism.
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Proof. We first show that if the result holds for nonempty definably
compact definable subsets A, B and A N B then it holds for C = AU B.

In fact, using the Mayer-Vietoris sequence for the excisive triad (X — AN
B; X — A/ X — B) we get H(X,X —C;R) =0 for ¢ > n and we have the
commutative diagram

Ho(X, 0% R) ") (X, A" R) @ Ho(X, B; R) "5 H,(X,D'; R)
ljc le@jB ljD

(rﬁ:}rﬁ) Téi)”g

0 — I'(C;R) ['(A;R) ® I'(B; R) ['(D; R)
where D=ANB,C"'=X-C,AA=X—-A B=X—-Band D' =X -D.

The 5-lemma implies that jo is an isomorphism.

We now apply Corollary 2.4. With out loss of generality assume that
A is definably connected and let {(), A,..., A;} be a finite family closed
under intersection of definably compact definable subsets of A such that
A=U{4; :i=1,...,1} and let {(V4,U1),...,(Vk,Ux)} be finitely many
special open definable subsets such that for each ¢ there is a j; such that
A; C Uj,. By what we saw above, the theorem follows by induction on /. So
suppose that C' = A; and let (V,W) = (V;,,Uj;,).

Note that, since j = j¢ o j% for all z € C, by Lemmas 3.4 and 3.27,
J¢ is an isomorphism. Let s € I'(C; R) and ¢ € C. By Lemma 3.4, there
is a unique ay € H,(X,X — W;R) such that s(c) = (¢, ;% (aw)). Let
r = jw(aw)c. Then by Proposition 3.12, r € I'(C; R). Since r(c) = s(c), by
Lemma 3.10, we have r = s. Since 7 = jo(j¢¥ (aw)) and 5 (aw) is uniquely
determined, the result holds. O

Remark 3.13, Theorem 3.29 and the 5-lemma imply the following.

Remark 3.30 Suppose that B C A C X are nonempty definably compact
definable subsets of X. Then

jap: Hy(X —B,X —A;R) — I'(A,B;R)
is an isomorphism.

Corollary 3.31 Suppose that X is definably compact. Then s € T'(X; R)
1s an R-orientation of X if and only if there is a unique element (x of
H,(X;R) such that s = jx(Cx). In particular, the notion of R-orientation
of a definably compact definable manifold X is independent of models.
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Proof. The first part of the theorem follows at once from Theorem 3.29.
The rest follows from the invariance of H,(X; R) in models (see for example
[bo2]). 0

Definition 3.32 The element (x of H,(X; R) from Corollary 3.31 is called
the fundamental class of the R-orientation of X.
The orientation class of X is the element wy € H™(X; R) such that

(WX,CX) =1

Remark 3.33 Let X and Y be definably compact definable manifolds, s €
['(X; R) an R-orientation of X and ¢t € I'(Y; R) an R-orientation of Y. It
is easy to see that, if (x and (y are the corresponding fundamental classes,
then (x x (y is the fundamental class of the R-orientation ~y(s,t) of X x Y
given by Remark 3.20.

The argument in the proof of the next result is the same as in [d] Chapter
VIII, Corollary 3.4 except that we use Lemma 3.4, Proposition 3.22 instead
of their topological analogues.

Corollary 3.34 Suppose that X s definably compact and definably con-
nected. Assume that R has no zero divisors. Then H,(X;R) = R if X
is R-orientable and H,(X;R) = {r € R: 2r = 0} otherwise.

Proof. If X is R-orientable, apply Theorem 3.29 and Proposition 3.22.
For the converse, apply Theorem 3.29 and Proposition 3.25. a

We end this subsection with the construction of relative fundamental
classes.

Definition 3.35 Suppose that A is a nonempty definable subset of X. An
R-orientation of X along A is a section s € I'(A; R) such that for each a € A,
if s(a) = (a,s'(a)), then s'(a) is an R-orientation of X at a.

By Theorem 3.29, if A is definably compact, given an R-orientation s €
I'(A; R) of X along A there is a unique element (x4 € H,(X,X — A; R)
such that s = ja((x.a). We call (x 4 the (relative) fundamental class of the
R-orientation of X along A. We sometimes write (4 for (x a.
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The following results can be obtained by adapting the proofs of Proposi-
tions 3.22, 3.24 and 3.25.

Remark 3.36 Let A be a nonempty definable subset of X and suppose that
R has no zero divisors. Then the following hold.

(1) If A has k definably connected components and X is R-orientable along
A, then T'(4; R) ~ R*.

(2) If A is definably connected, definably compact and X is non R-orientable
along A, then I'(4; R) ~ {r € R: 2r = 0}.

3.5 Sections with definably compact supports

For a nonempty closed definable subset A of X and s € T'(A; R), the support
of s is by definition the subset of A where s does not coincide with the zero
section. By Lemma 3.10, the support of a section of s is a clopen definable
subset of A.

Let T'.(A; R) the subset of I'(A4; R) of all sections whose support is a
definably compact definable subset of A.

Lemma 3.37 Suppose that A is a nonempty closed definable subset of X.
Then I'.(A; R) is an R-submodule of I'(A; R) such that:

(i) if A is definably compact, then T'.(A; R) = T'(A; R);
(i) if A is definably connected and not definably compact, then I'.(A; R) = 0.

Proof. Let s,t € I'.(A; R) and suppose that the support of s (resp., t)
is the definable subset S (resp., T') of A. Let 8" = {z € S : s(x) = —t(z)}
and 7" = {x € T : s(x) = —t(x)}. By Lemma 3.10, S" (resp., T") is a clopen
definable subset of S (resp., T'). But s + ¢ has support (S — S") U (T —T")
and so, s +t € I'.(A; R). On the other hand, for » € R, rs has support S
(resp., @) when r # 0 (resp., r = 0). So rs € ['.(4; R).

Finally, (i) and (ii) follow immediately from Lemma 3.10. O

Lemma 3.38 Let A be a nonempty closed definable subset of X. Then the
homomorphism ja : H,(X, X — A; R) — I'(A; R) has image in T'.(A; R).
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Proof. Let a € H,(X,X — A;R) and let z = Y% | r;z; € S,(X; R) with
0z € 5,-1(X — A; R) be a representative of a. Let S = U{z;(A") : i =
1,...,k}. By [vdd] Chapter VI, Proposition 1.10, S is a definably compact
definable subset of X. Clearly the support of s = ja(a) € I'(A; R) is SN A
and hence s € I'.(A; R). O

The classical analogues of the next theorem can be found in [d] Chapter
VIII, Section 3 and in [g] Chapter 22. Our proof follows closely that of [g]
Theorem 22.24, but the use of Corollary 2.4 and Theorem 3.29 simplifies the
argument.

Theorem 3.39 Suppose that A C X is a closed nonempty definable subset
of X. Then
Ja: Hy( X, X — A R) — T'.(A; R)

18 an isomorphism.

Proof. By Theorem 3.29 this holds if A is definably compact. Further-
more, arguing as in the proof of Theorem 3.29, we see that if this result
holds for closed nonempty definable subsets A, B and A N B then it holds
for C = AU B.

Claim (1): 1f A C U where U is an open definable subset of X with
definably compact closure U, then the result holds for U and A.

Proof of Claim (1): Let W = (U — A)U(X —U) and V =U U (X —U).
We use the exact homology sequence for the triple (X, V, W).

Note that by excision, H,(U,U — A; R) ~ H,(V,W); R). For ¢ > n we
have - -+ — H, (X, V);R) — H,(U,U — A; R) — H,(X,W;R) — ---.

For ¢ = n, we have

0— H,(U,U—-A;R) — H,(X,W;R) — H,(X,V;R)
174 ! !
0 — T (AR - T(AU(U-U);R) & I'(U-U;R)
where I'.(A; R) and js are computed in the definable manifold U, and the

monomorphism ¢ is defined as follows: if s € T'.(A; R) is zero outside a
definably compact subset K of A, then i(s)4 = s and i(s) = 0 outside K.
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Applying the result for the definably compact definable sets U — U and
AU (U - 1U), we see that H,(U,U — A;R) = 0 for ¢ > n and j§ is an
isomorphism. a

Claim (2): The result holds for any closed nonempty definable subset A.

Proof of Claim (2): Let s € T'.(A; R) and suppose that s is zero outside
the definably compact subset K of A. Then by Corollary 2.4, there is an
open definable subset K C U such that U is definably compact.

Consider A" = ANU and s = s;4. By Claim (1) applied to U and A’,
and the commutative diagram

H,(U,U—- A" R) — H,(X,X — A;R)
le/ le
0— s el(A;R) L ose I'.(A;R)

we see that j4 is surjective.

Now let a € H, (X, X — A; R) and let z € S,(X; R) with 0z € S,—1(X —
A; R) be the relative cycle representing «v. If ¢ = n, suppose that ja(a) = 0.
Applying the above argument to Imz (the support of z, see [Wo]), there is an
open definable subset U of X such that Imz C U and U is definably compact.
Let A = ANU. By the same commutative diagram, we have o = 0. For
q > n, we know that the class of z in H, (U,U — A’; R) is zero by Claim (1),
so a = 0. O

Remark 3.40 Let B C A C X be nonempty closed definable subsets of
X. Let T.(A, B;R) be the kernel of the restriction homomorphism 74 :
I'.(A;R) — T'o(B; R). Theorem 3.39, the 5-lemma and the commutative
diagram

H,(X-B,X—-AR) - H,X,X—-AR) — H,X,X—-B;R)
le,B le ljB
0 — TI.(A, B;R) —  T.(A;R) — I'.(B;R)
imply that jap: H,(X — B, X — A; R) — I'.(A, B; R) is an isomorphism.
Corollary 3.41 If A is a closed, nonempty, definably connected and not de-

finably compact definable subset of X, then H, (X, X —A; R) = 0. In particu-
lar, if X is definably connected and not definably compact then H,(X; R) = 0.
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4 Sections with bounded support

Our goal here is to prove a version of Theorem 3.39 for nonempty definable
subsets A of X such that X — A is definably locally closed (e.g., X — A is
open or closed). In order to do this we first have to prove some results about
definably locally closed sets.

4.1 Definably locally closed sets

In this subsection we present the basic properties of definably locally compact
definable sets that will be useful later. This is the definable analogue of the
theory of [d] Chapter IV, Section 8.

Proposition 4.1 Let Z C N" be a definable subset. Then the following are
equivalent:

(1) Z is of the form C NU where C is a closed definable subset of N" and
U is an open definable subset of N™.

(2) There is a definable retraction r : V. — Z where V is an open definable
subset of N™.

(3) There is a definable family {U, : z € Z} of definable open subsets of N"
such that for every z € Z we have z € U, and U, N Z is closed in U,.

(4) There is a definable family {V, : z € Z} of definable subsets of N™ such
that for every z € Z the set 'V, is a definably compact definable neighbourhood
of z in Z.

Proof. If (1) holds then Z is closed in U and (2) follows from [vdd]
Chapter VIII, Proposition 3.3. If (2) holds, then regarding r as a definable
map7:V — V, wehave Z = ZNV since Z =7 ={v €V :r{v) =v}.
Thus (1) holds.

Assume (4). Then V, = Z N W, where {W, : z € Z} is a definable
family of open definable subsets of N". For z € Z, let U, = W,. Then
ZNU, =V,NU, is closed in U,. Therefore, the definable family {U, : z € Z}
satisfies (3).
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If (3) holds, then we have ZNU, = ZNU,, hence Z = ZN(U{U, : z €
ZNW=U{ZNU,:2z€ Z}=ZnN(U{U, : z € Z}). This implies (1) since
U=U{U,:z € Z} is an open definable subset of N".

Finally we show that (1) implies (4). Let {B, : z € Z} be a family of
definably compact definable neighbouhoods of z € Z in N". For z € Z, let
W, =72nNB, = CNB,. Then each W, is definably compact and the definable
family {W, : z € Z} shows (4). 0

A definable set Z C N™ satisfying one the conditions of Proposition 4.1
will be called definably locally closed or definably locally compact.

The next remark is standard. For the semi-algebraic analogue, see [BCR]
Proposition 2.2.9.

Remark 4.2 Every definably locally closed definable set Z C N™ is defin-
ably homeomorphic to a closed definable subset of N"*1.

In fact, let C' and U be closed and open definable subsets of N™ such
that Z = C'NU. Then the definable map h : U — N" x N given by
h(z) = (z, m) where d(z, N" —U) = inf{lx —y| : y € N* = U}, is a
definable embedding of U into N™*! (the projection 7 : N*™' — N onto the
first n-coordinates is the inverse of h). Moreover, h(U) = {(x,y) € N* x N :
y-d(x, N* —U) = 1} is a closed definable subset of N"*!. Hence, h(Z7) is
closed in h(U) and hence in N

Proposition 4.3 Let Z be a definable subset of N™ which is definably locally
closed. If f,qg:Y — Z are definable continuous maps and B is a definable
subset of Y such that fig = g\, then there is an open definable neighbourhood
U of BinY and a definable homotopy F' : U x [0,1] — X between fi; and
giw such that for all x € B and t € [0,1] we have F(x,t) = f(x).

Proof. By Proposition 4.1, there is a definable retraction r : V — Z
where V' is an open definable subset of N™. Let ¢ : Z — V be the inclusion
andlet U={yeY : {(1—-t)iof(y)+tiog(y):t€[0,1]} CV}. ThenU is
an open definable neighbourhood of B in Y. Define F': U x [0,1] — X by
Fy,t) = r((1=t)io f(y) +tiog(y)). =

Corollary 4.4 Let B C Z be a definable subsets of N™ which are definably
locally closed. Then there is a definable neighbourhood retract r : V. — B in
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Z and there is an open definable neighbourhood W of B in V' such that ioryy
s definably homotopic to the inclusion j : W — V, where i : B — V s
the inclusion.

Proof. By Proposition 4.1 one can assume that V' is open in N". Hence
V' is definably locally closed. Now apply Proposition 4.3 with f =i or and
g=1v. O

4.2 Sections with bounded support

Given a nonempty definable subset A of X, we denote by I'y(A; R) the subset
of I'(A; R) of all sections s € I'(A; R) such that the closure in X of the support
of s is a definably compact definable subset of X. For nonempty definable
subsets B C A of X, we denote by I'y(A, B; R) the kernel of the restriction
homomorphism 74 : Ty(A; R) — Ty(B; R).

Lemma 4.5 Suppose that A is a nonempty definable subset of X. Then
[y(A; R) is an R-submodule of T'(A; R) such that:

(i) if A is definably compact, then Ty(A; R) = T'(A; R);

(ii) if A is definably connected but A is not definably compact, then we have
I['y(A; R) = 0.

Proof. The fact that I'y(A4; R) is an R-submodule of I'(A; R) can be
proved as in Lemma 3.37. Finally, (i) is obvious and for (ii) let s € T',(A; R)
and suppose that the closure S in X of the support S of s is a definably
compact definable subset of X. It is enough to show that S = (). By Lemma
3.10, S =0 or S = A. But the later cannot happen since A is not definably
compact. O

Lemma 4.6 Let A be a nonempty definable subset of X. Then the homo-
morphism ja : H,(X, X — A; R) — T'(A; R) has image in Ty(A; R).

Proof. Let a € H,(X,X — A;R) and let z = Y% | r;z; € S,(X; R) with
0z € S5,-1(X — A; R) be a representative of a. Let S = U{z;(A") : i =
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1,...,k}. By [vdd] Chapter VI, Proposition 1.10, S is a definably compact
definable subset of X. Clearly the support of s = ja(a) € T'(A; R) is SN A
and hence s € I'y(4; R). O

For the proof of the main result of this subsection the following lemma
will be very crucial.

Lemma 4.7 Suppose that X is definably connected and A is a nonempty
definable subset of X. Then I'y(X, A; R) = 0, the homomorphism H,(X —
A; R) — H,(X; R) induced by the inclusion is the zero homomorphism and

H, (X —A;R) ~ H(X,X — A;R) for all ¢ > n. Moreover, we have the
following commutative diagram
0— Ho(X:R) & H,(X,X —A;R) — Hy (X —A;R) — 0
ljx le l;A

0 — LOX;R) % n4R  — T(A4R) — 0

where jx : Hy(X; R) — I'y(X; R) is an isomorphism, ]/-\In_l(X — A R) =

ker(H,—1(X — A; R) — H,1(X; R)) ~ coker(k,), I'(A; R) = coker(k') and
74 1s induced by ja.

Proof. By Lemma 3.10, the set on which two sections in I'(X; R) agree
is a clopen definable subset of X. Hence, A # () and X definably connected
implies that I'( X, A; R) = ['y(X, A; R) = 0.

The fact that H,(X — A; R) — H,(X; R) is the zero homomorphism is
proved in the following way: if X is not definably compact, then by Corol-
lary 3.41 we have H,(X;R) = 0; if X is definably compact, use the dia-
gram of Remark 3.13 applied to the definable subsets A C X of X, the fact
that I'(X, A; R) = 0 (see the paragraph above) together with Theorem 3.29.
Hence, the exactness axiom shows that H, (X — A; R) ~ H, (X, X — A; R)
for all ¢ > n.

Thus H,(X — A;R) ~ H,1(X,X — A;R) = 0 and, as we showed in
the two paragraphs above, we have that jx : H,(X; R) — T['y(X; R) is an
isomorphim. Thus by Lemma 4.6 we obtain the diagram of the lemma. O

We are now ready to generalize Theorem 3.39. Our proof follows closely
Dold’s proof (see [d] Chapter VIII, Proposition 3.3) of the corresponding
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classical result. The main diference is that we use the o-minimal versions
of the classical facts used by Dold and we use Theorem 3.29 to simplify the
proof.

Theorem 4.8 Let A C X be a nonempty definable subset of X. If X — A
1s definably locally closed, then

Ja: Hy( X, X — A R) — TW(A; R)
18 an isomorphism.

Proof. Since clearly X is definably locally closed (apply Proposition 4.1
(4)), by Remark 4.2, there is always k such that X is closed in N*. So we
will assume that X is closed in N*.

We may also assume that X is definably connected (otherwise, we prove
the theorem for each definably connected component of X).

Since X — A is a definably locally closed and X — A # X, by Proposition
4.1, there is a definable open proper subset U of X and a definable retraction
r:U — X — A. By Corollary 4.4, we may assume that i¥ 4 or is definably
homotopic to the inclusion iV : U — X, where i¥ =4 : X — A — X is the
inclusion. R

On the other hand, we have iX 4 or, = i¥V. Thus, r, maps H, (U; R) =
keri¥ into H,_1(X — A; R) = keri*~4 and is a left inverse to the induced
homomorphism i, : }Aln_l(X — A;R) — An_l(U; R). So i, is monomorphic
and the diagram

H, (X —AR) = H,(U;R)
lEA l}fo

T(A;R) — T(X-U:R)

shows that ;A is monomorphic since, by Lemma 4.7 and Theorem 3.29, ?X,U
is an isomorphism. We will show that 3A is also epimorphic and hence, by
Lemma 4.7, j4 is an isomorphism as required.

By Corollary 4.4, for each x € A, choose a definable open subset V, such
that X — A C V, C U —x and i, o7}y, is definably homotopic to the inclusion
ky : V, — U — x, where i, : X — A — U — z is the inclusion. Then
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igs O (1), )« = kg« and we have the following commutative diagram

H, (A;R) ™% H,(ViiR) ™5 H,,(Us;R) ™5 H,_1(U;R)

le ljv,g ljU;; lEU/
4R = TR ™ Twuuzr) = TU4R)
where U, = U —z and for W € {A,V,,U,, U}, we use W' to denote X — W.
We have iy, = k.07, and we define i/, = k! oj’ and i’ = [, 0i’,. Moreover,
if we define p, = (ry, )« © (}Vé)_l 0j. :T(A;R) — H,_1(A’; R) (we use here
the fact that, by Lemma 4.7 and Theorem 3.29, 5\/; is an isomorphism), then
a simple computation using the diagram above shows that ¢/, o 34 o py =1.
Composing this equality with I/, we get (¢’ o}A) o p, = i'. Note that the right
side of this equality does not depend on = and i’ o}A = }U/ 01, is monomorphic.
Hence, p = p, is independent of . We will show that ;A op=lpan and so
3A is epimorphic. R
Let s € T (A; R) and let s € T'(A; R) be its coset. Let 0 € T',(A; R)
be a representative of j4 o p(5). Then il o Jaop(s) = i'.(5). Therefore,
there is ¢, € I'y(X; R) such that sy, — oy = tyu,. In particular, we have
S|gr — oy = tyur and so, by Lemma 4.7, t = ¢, is independent of x. Thus,
s(x) —o(x) = t(x) for all x € A as required. O

Remark 4.9 For nonempty definable subsets B C A of X, we denote by
['y(A, B; R) the kernel of the restriction homomorphism r4 : Ty(A; R) —
['y(B; R). The 5-lemma, Theorem 4.8 and the commutative diagram
Hy(X - B,X — A;R) — Ho(X,X —A:R) — H,(X,X — B;R)
le,B le ljB
0 — T4WA, B;R) —  T'y(A4; R) — I'y(B; R)

imply that jap : H,(X — B, X — A;R) — I'y(A, B; R) is an isomorphism
when X — A and X — B are definably locally closed.

Theorem 4.8 implies at once the following observation.

Corollary 4.10 If X is definably compact, then the morphism j : oX —
OX of presheafs is an isomorphism.
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For a definable subset A of X, let ¢,(A) be the number of definably
connected components of A whose closure in X is definably compact.

Corollary 4.11 Let A be a definable subset of X such that X — A is definably
locally closed and A intersects every definably connected component of X. If
X 1s R-orientable, then

cp(A) = cp(X) + dim(ker[H,_1(X — A; R) — H,_1(X; R)]).
Proof. We start the proof with the following two claims.

Claim 4.12 Let A be a nonempty definable subset of X. If X is R-orientable
along A, then c,(A) = dim 'y (A4; R).

Proof. Let Ay, ..., A; be the definably connected components of A. Then
[y(A4; R) = ®l_ Ty (As; R). So we may assume that A is definably connected.
If A is not definably compact, then ¢;,(A) = 0 and by Lemma 4.5 we also
have Ty(A; R) = 0. If A is definably compact, then ¢;(A4) = 1 and we must
show that dimT'y(A; R) = 1, i.e., dimT'(A; R) = 1. This is a consequence of
the Remark 3.36 (2). O

Claim 4.13 Let X be an R-orientable definable manifold of dimension n.
Then ¢,(X) = dimH,(X; R).

Proof. Let Xi,...,X; be the definably connected components of X.
Then H,(X;R) = ®._,H,(X;; R) and, by Remark 3.19, each X; is an R-
orientable definable manifold of dimension n. On the other hand, by Corol-
lary 3.41, H,(X;; R)= 0 if X, is not definably compact and by Corollary 3.34,
H,(X;; R) = Rif X, is definably compact. Therefore, ¢,(X) = dimH,,(X; R).
O

Thus by Claim 4.12 and Theorem 4.8, we have ¢,(A) = dimH,, (X, X —
A; R). On the other hand, by Claim 4.13, ¢,(X) = dimH,(X;R). Let
X1,...,X; be the definably connected components of X and, for each i =
1,...,0 let A; = X;NA. Then X, — A, is definably locally closed in X; and by
Theorem 4.8, we have H,(X;—A;; R) ~ T'y(X;, A;; R). Since, H,(X—A; R) =
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®l_ H,(X; — A;; R) and by Lemma 4.7, [',(X;, A;; R) = 0, the corollary
follows from the exact sequence

—H,(A;R)— H,(X;R)— H,(X,A;R)—H, 1(A;R)— H,_1(X;R)—
where A" = X — A. O

If in Corollary 4.11 we put X = S™ and X — A definably homeomorphic
to S™~!, then we recover the o-minimal Jordan-Brouwer separation theorem

from [Wo].

4.3 Definable 0-manifolds

In the next remark we assume the readers familiarity with the theory of
definable 0-manifolds treated in [e].

Remark 4.14 Let X be a definably connected, definably compact definable
0-manifold of dimension n. Let X be the interior of X , 0X the boundary of
X and X the definable manifold obtained from X by attaching a colar.
We say that X is R-orientable if X is R-orientable (equivalently, if X is
R-orientable along X).
Consider the following commutative diagram

H.(X, X - X:R) &  T1(XR)
1 1"x
o,X,X-X;R) & T(X:R)

where the unmarked arrow is induced by inclusion. Since the inclusion de-
termines isomorphisms H, (X X;R) — H (X X;R) for all ¢ € Z, by
the exactness axiom, the unmarked arrow is an isomorphism. By Theorem
3.29 (resp., 4.8), jx (resp., Jx) is an isomorphism. Hence, X is R-orientable
if and only if X is R-orientable along X.

By Corollary 3.41, we have Hn()?;R) = 0. Hence, by the exactness
axiom, the connecting homomorphism 8 : H,(X,0X; R) — H,_1(0X; R) is
injective. Flnally note that, we also have an isomorphism H, (X,0X; R) —

H, (X X - X; ; R) induced by the inclusion.

Therefore, if s € ['(X;R) is an R-orientation of X, then the following

hold:
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(i) there is a unique homology class ¢ € H,(X,0X; R) such that s = j(¢")
where (" is the image of ¢ in H, (X, X — X; R);

(ii) there is a canonical R-orientation sx of X along X given by sx = ]X(C’)
where (' € H, (X X - X; ; R) is such that its image in H, (X X - X; ;R) is

¢";

(iii) there is a canonical R-orientation dx (s) of 0.X given by dx(s) = jox (9¢).
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