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1 Introduction

Let M = (M,<, . . . ) be a sufficiently saturated o-minimal structure with de-
finable Skolem functions. By definable we will mean definable in M possibly
with parameters.

A definable group is a group whose underlying set is a definable set and
the graphs of the group operations are definable sets. The notion of definably
compact is the analogue of the notion of semi-algebraically complete and was
introduced by Peterzil and Steinhorn in [22]. A definable group is definably
connected if it has no proper definable subgroups of finite index ([28]). For
the basic theory of definable groups we refer the reader to [7], [24], [26], [27]
and [28].

Here we prove the following theorem:

Theorem 1.1 Let G be a Z/qZ-orientable, definably connected, definably
compact, definable group, where q is some sufficiently large prime number.
Then there exists a smallest type definable normal subgroup G00 of G of
bounded index such that G/G00 with the logic topology is a connected, com-
pact, Lie group. Moreover, the following hold:

(1) If G is abelian then G00 is divisible and torsion free;

(2) dimG = dimG/G00.

This theorem relating definably connected, definably compact, definable
groups and connected, compact Lie groups is known as Pillay’s conjecture
and was stated in the paper [29], without the orientability assumption, in
arbitrary o-minimal structures.

In the paper [4] by Berarducci, Otero, Peterzil and Pillay it is proved that
there exists a smallest type definable normal subgroup G00 of G such that
G/G00 with the logic topology is a connected, compact, Lie group. Moreover,
if G is a abelian then G00 is divisible.

Pillay’s conjecture has now been proved in three different situations: in
o-minimal expansions of fields by Hrushovski, Peterzil and Pillay ([20]), in
linear o-minimal expansions of ordered groups by Eleftheriou and Starchenko
([19]) and in non-linear semi-bounded o-minimal expansions of groups by Pe-
terzil ([21]). So Pillay’s conjecture holds in arbitrary o-minimal expansions
of groups. In all of the three cases above the conjecture is a consequence of
the following three crucial ingredients: (i) the theory of generic subsets of
definably compact definable groups from [25]; (ii) the heavy model theory
of definable ameanable groups from [20]; (iii) the computation of the tor-
sion subgroups of definably connected, definably compact, abelian definable
groups. Here we also have:
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Theorem 1.2 Let G be a Z/qZ-orientable, definably connected, definably
compact, definable abelian group, where q is some sufficiently large prime
number. Then the subgroup of m-torsion points of G is

G[m] ' (Z/mZ)dimG.

In o-minimal expansions of fields, an analogue of Theorem 1.2 without
the orientability assumption was proved in the paper [16] by the first author
and Otero using o-minimal singular cohomology; in the linear case it was
proved in [19] by direct methods; in the non-linear semi-bounded case it was
proved by a very interesting reduction to the field case in [21].

The theory of generic subsets when combined with the model theory of
definable ameanable groups from [20] shows that if G is abelian then G00 is
torsion free. Since G00 is also divisible, if Theorem 1.2 holds for some prime
number `, then

(G/G00)[`] = G[`] ' (Z/`Z)dimG

and so the connected, compact, abelian Lie group G/G00 must be of dimen-
sion dimG. Thus the conjecture holds for the abelian case. Further work of
model theoretic nature combines Pillay’s conjecture in the abelian case and
in the definably simple case ([29]) to give the full conjecture (see [20] Remark
4 at the end of Section 8).

Note that this theory of generic subsets based on work by A. Dolich is
presented in [25] only for affine definable groups but by a trick due to Peterzil
and Eleftheriou (Section 8 in [21]) also works for arbitrary definably compact,
definable groups in o-minimal expansions of ordered groups. Here we point
out that this trick can be generalized to definably compact, definable groups
in arbitrary o-minimal structures. See the remark after Proposition 3.1.

Since we also prove Theorem 1.2 for a sufficiently large prime ` we obtain
as above Theorem 1.1. From Theorem 1.1 and the fact that G00 is torsion free
and divisible we recover Theorem 1.2 from the special case for a sufficiently
large prime `.

The proof of Theorem 1.2 for a sufficiently large prime ` is obtained in
the following way. We apply the Poincaré - Verdier duality theory from
[10] to compute the o-minimal cohomology of a Z/qZ-orientable, definably
connected, definably compact, abelian definable group G for a sufficiently
large prime q and as a consequence we prove Theorem 1.2 for a prime ` such
that ` > dimG+ 1 and q > `dimG.

We conjecture that every definably connected, definably compact defin-
able group is Z/qZ-orientable for every prime number q. Here, in Section 4,
we prove:
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Theorem 1.3 Suppose that M is a non linear o-minimal expansion of an
ordered group. Then every definably connected, definably compact definable
group is k-orientable for every field k.

So we obtain a different and uniform proof of Pillay’s conjecture in non
linear o-minimal expansions of groups.

Acknowledgement: We would like to thank Y. Peterzil for some
useful comments on an early version of this paper.

2 Torsions in orientable definable groups

In this section we apply the Poincaré - Verdier duality theory from [10]
to compute the o-minimal cohomology of orientable, definably connected,
definably compact, abelian definable groups and as a consequence we prove
particular cases of Theorem 1.2 for such groups.

Let G be a definably connected, definably compact, definable group of
dimension n. Then G is a definable manifold ([28]). Furthermore, by Propo-
sition 4.4 and 4.5 in [15], G is definably normal and definably locally compact.
Thus we can apply to G the orientation theory based on the o-minimal sheaf
cohomology with definably compact supports introduced in [10].

So fix k a field. We say that G has an orientation sheaf if for every open
definable subset U of G there exists a finite cover of U by open definable
subsets U1, . . . , Ul of U such that for each i we have

Hp
c (Ui, k) =


k if p = n

0 if p 6= n.

(1)

If G has an orientation sheaf, we call the sheaf OrG in Shdtop(G, k) with
sections

Γ(U,OrG) = Hn
c (U, k)∨

the orientation sheaf on G. This a sheaf by Corollary 3.9 in [10]. Here and
below, for a k-vector space N we let N ∨ denote the dual k-vector space, i.e.
N ∨ = Homk(N, k).

Note also that, since the o-minimal spectra G̃ of G is a quasi-compact
(spectral) topological space, G has an orientation sheaf if and only if for
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every β ∈ G̃ and every open definable subset V of G such that β ∈ Ṽ , there
is an open definable subset U of V such that β ∈ Ũ and

Hp
c (U, k) =


k if p = n

0 if p 6= n.

If G is a definably connected, definably compact, definable group of di-
mension n with an orientation sheaf OrG, by a k-orientation we understand
an isomorphism

k ' OrG

of k-sheaves. We shall say that G is k-orientable if a k-orientation exists and
k-unorientable in the opposite case.

Remark 2.1 In o-minimal expansions of fields we have o-minimal singular
homology and cohomology theories satisfying the Eilenberg-Steenrod axioms
adapted to the o-minimal site ([18], [30]). By [18] the o-mininal singular
cohomology theory with coefficients in a field k is isomorphic to the o-minimal
sheaf cohomology theory with coefficients in the constant sheaf k. On the
other hand the o-minimal singular homology theory can be used to obtain
an orientation theory for definable manifolds ([2], [3]). (In the papers [2]
and [3], orientation is defined by taking homology with coefficients in Z but
replacing Z by k and considering homology groups as k-modules on gets the
theory of k-orientations.)

In Subsection 3.4 in [10] we showed that in o-minimal expansions of fields
the two orientation theories agree. In particular, by [2] or [16] definably
connected, definably compact, definable groups in o-minimal expansions of
fields are orientable.

We now observe that the existence of an orientation sheaf on G is a
necessary and sufficient condition for the orientability of G:

Theorem 2.2 Let G be a definably connected, definably compact, definable
group of dimension n. Suppose that there exists a collection V of nonempty
open definable subsets of G such that:

(1) for every nonempty open definable subset U of G there exists a finite
cover of U by open definable subsets V1, . . . , Vl ⊆ U in V ;
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(2) for each V ∈ V we have

Hp
c (V, k) =


k if p = n

0 if p 6= n.

Then G is k-orientable.

Proof. It follows from the assumptions that G has an orientation sheaf
OG. Let V1, . . . , Vl be a collection of finitely many open definable subsets in
V which covers G. Fix i = 1, . . . , l. Then the restriction Oi := OG|Vi

is a
k-orientation sheaf for Vi. See Definition 3.10 in [10]. Since by assumption
(2), Hn

c (Vi; k) = k (where n = dimG), by Proposition 3.13 in [10], Vi is
k-orientable, i.e. Oi ' k. See Definition 3.12 in [10].

Note that, by definition of o-minimal cohomology with definable compact
supports, for every open definable subset U of Vi, we have

H∗
c (U, k) = lim−→

A∈c0

H∗(U,U \ A, k).

where c0 is the collection of all definably connected, definable compact, de-
finable subsets of U . Thus, by Poincaré and Alexander duality (Theorems
3.11 and 3.14 in [10]), the k-orientation Oi ' k is uniquely determined by
the induced isomorphism

Hn
c (Vi, Vi − vi; k)

∨ ' k

where vi ∈ Vi.
Without loss of generality we may assume that v1 is the identity element of

G. Fix an isomorphism Hn
c (V1, V1−v1; k)

∨ ' k determining the k-orientation
O1 ' k. For a given i let Ui be an open definable subset of V1 such that
v1 ⊆ Ui and viUi ⊆ Vi. Then we have an isomorphism

Hn
c (Ui, Ui − v1; k)

∨ −→ Hn
c (viUi, viUi − vi; k)

∨

induced by the left translation by vi. By excision axiom we get an isomor-
phism

Hn
c (V1, V1 − v1; k)

∨ ' Hn
c (Vi, Vi − vi; k)

∨.

Now redefine the local k-orientations Oi ' k so that they are compatible with
the isomorphisms Hn

c (V1, V1 − v1; k)
∨ ' Hn

c (Vi, Vi − vi; k)
∨. Then the local

k-orientations Oi ' k are compatible with each other and they determine,
by induction on l, a global k-orientation OG ' k as required. �
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Remark 2.3 If G is a definably connected, definably compact, definable
group which is defined in an o-minimal expansion of a field, then by [2], [9]
or [31], there exists a collection V of nonempty open definable subsets of G
satisfying the assumptions of Theorem 2.2.

Suppose that G is k-orientable. Then by Alexander duality in [10], if
A is a definably compact, definable subset of G with l definably connected
components, then

Hn(G,G \ A, k) ' (kl)∨.

So by excision, if U is an open definable subset of G such that A ⊆ U , then
also

Hn(U,U \ A, k) ' (kl)∨. (2)

We call the element ζA ∈ Hn(U,U\A, k)∨ corresponding to (1, . . . , 1) ∈ kl

the fundamental class around A. (This is well defined since the isomorphism
in (2) is compatible with inclusions of open definable neighborhoods of A in
G.)

Now let W be an open definable subset of G and f : W −→ G a defin-
able continuous map. Let A be a definable connected, definably compact,
nonempty definable subset of G. Suppose that f−1(A) is a definably compact
definable subset of W . Consider the image of the fundamental class around
f−1(A) under the map

(f ∗)∨ : Hn(W,W \ f−1(A), k)∨ −→ Hn(G,G \ A, k)∨.

By definition of fundamental classes, we have

(f ∗)∨(ζf−1(A)) = degAfζA

for a unique element degAf ∈ k which we call the degree of f over A. If
W = G, then degf := degGf is called the degree of f . Note that degAf = 0
if f−1(A) = ∅.

Proposition 2.4 Let G be a definably connected, definably compact, defin-
able group of dimension n which is k-orientable. Let W be an open definable
subset of G and f : W −→ G a definable continuous map. Let A be a de-
finable connected, definably compact, nonempty definable subset of G such
that f−1(A) is a definably compact definable subset of W . Then the following
hold:

(1) If f is the inclusion map, then degAf = 1;
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(2) If A1 is definably connected, definably compact definable subset of G
such that A ⊆ A1 and f−1(A1) is a definably compact definable subset
of W , then degAf = degA1

f ;

(3) If W = W1 ∪ · · · ∪Wl where each Wi is an open definable subset of W
and f−1(A) is the disjoint union of the f−1(A) ∩Wi’s, then degAf =∑l

i=1 degAfi, where fi = f|Wi
: Wi −→ G.

Proof. The proof of this result is similar to that of Lemmas 4.2 (a), 4.3
and 4.5 in [16] for degree theory based on o-minimal singular homology since
our fundamental classes were defined by dualizing cohomology. �

In the next result is where we need to assume that M is an arbitrary
o-minimal structure with definable Skolem functions.

Proposition 2.5 Let G be a definably connected, definably compact, abelian
definable group. Suppose that there are prime numbers ` and q such that
` > dimG + 1, q > `dimG and G is Z/qZ-orientable. Then the subgroup of
`-torsion points of G is

G[`] ' (Z/`Z)dimG.

Proof. By Theorem 1.2 in [15], there is s ≤ dimG such that

G[`] ' (Z/`Z)s.

Consider the surjective definable homomorphism p` : G −→ G : x 7→ `x. By
Theorem 3.6 in [8] this is a definable covering homomorphism and the proof
of this theorem shows that there is an open definable neighborhood U of the
identity element 0 of G such that p−1

` (U) is a disjoint union of open definable
subsets Va = aU with a ∈ kerp` and for each a ∈ kerp`, p`|Va : Va −→ U is
a definable homeomorphism. Now let V = p−1

` (U) and f = p`|V : V −→ G.
By excision we have deg0p` = deg0f and by Proposition 2.4 (3), deg0f =∑

a∈kerp`
deg0f|Va . Since the composition of f|Va with translation by a can be

identified with the inclusion of Va in G, it follows that deg0f|Va = 1. Thus
by Proposition 2.4 (2)

degp` = deg0p` = |kerp`| = `s.

By the proof of Theorem 1.2 in [15], we have

H∗(G; Z/qZ) '
∧

[ω1, . . . , ωt]Z/qZ

for some t ≤ n = dimG with
∑t

i=1 degωi ≤ dimG and the ωi’s of odd degree
and primitive. Since Hn(G,Z/qZ) ' Z/qZ, we can identify the element
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ωG = ω1 ∧ · · · ∧ ωt ∈ Hn(G,Z/qZ) with the dual of the fundamental class
ζG. As in the proof of Lemma 5.2 in [16], we see that for every l < q
the covering homomorphism pl : G −→ G : x 7→ lx is such that the induced
homomorphism p∗l : H∗(G,Z/qZ) −→ H∗(G,Z/qZ) maps ωG into ltωG. Thus

degp` = `t.

So s = t. But by the proof of Theorem 1.2 in [15], s is the number of
the ωi’s with degree one. Therefore all the ωi’s have degree one. Since
ωG = ω1 ∧ · · · ∧ ωt ∈ Hn(G,Z/qZ) it follows that s = t = n = dimG as
required. �

3 Lie groups and orientable definable groups

The goal of this section is to prove Pillay’s conjecture for definably connected,
definably compact, Z/qZ-orientable definable groups with q a sufficiently
large prime. As explained in the introduction this follows from Proposition
2.5 and the theory of generic subsets. The following result allows us to obtain
observation (1) in Section 8 of [21] showing that the theory of generic subsets
of definable compact definable groups works in our case also.

Proposition 3.1 Let G be a definably connected, definably compact, defin-
able group of dimension n. Then the following hold:

(1) G has finitely many definable charts (Ui, φi)’s with each φi(Ui) a bounded
open definable subset of Mn.

(2) There are finitely many pairs U ′
i ⊆ Ui’s of open definable subsets such

that U ′
i ⊆ Ui and G =

⋃
i U

′
i =

⋃
i Ui.

Proof. (2) follows from the fact that G is definably normal ([15] Propo-
sition 4.5) and the shrinking lemma ([13] Proposition 2.17).

We now prove (1). Consider the finitely many definable charts (Ui, φi)’s
for G given by Pillay’s construction in [28]. Then without loss of generality,
Ui is a cell in G of dimension n or Ui is a translate in G of a cell in G of
dimension n. In the first case, φi is the restriction of a projection from the
ambient space of G onto some n coordinates. In the second case φi is the
composition of a translation in G and the restriction of a projection. Thus
it is enough to show that every Ui which is a cell in G is bounded.

Fix i such that Ui is a cell in G ⊆M l and suppose that Ui is unbounded.
Then there is a j such that the projection of Ui onto the j-coordinate is
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unbounded. Since G has definable choice ([7] Theorem 7.2) one of the fol-
lowing holds: (i) there is a definable map α : (e,+∞) ⊆M −→ G such that
imα ⊆ Ui and for each t ∈ (e,+∞), the j-coordinate αj(t) of α(t) is t; (ii)
there is a definable map α : (−∞, d) ⊆M −→ G such that imα ⊆ Ui and for
each t ∈ (−∞, d), the j-coordinate αj(t) of α(t) is t. We assume (i) holds.
For (ii) the proof is similar. By o-minimality we may assume that α is contin-
uos. Since G is definably compact, the limit limt−→+∞ α(t), with respect to
the topology of G, exists in G. Let a be this limit. Consider the elementary
substructure M0 of M over which G (and also each of the Ui’s) is defined.
By replacing α by a translate bα of α in G where b is in the infinitesimal
neighborhood over M0 of the identity element of G, we may assume that a
is a generic element of G over M0. Now let B be a bounded open box in
M l containing a. Then B ∩ G is a definable neighborhood of a in G in the
topology of G. Thus there is a t0 ∈ (e,+∞) such that imα|(t0,+∞) ⊆ B ∩G.
But this is absurd since imαj|(t0,+∞) is unbounded. �

We explain how Proposition 3.1 (2) allows us to obtain observation (1)
in Section 8 of [21] showing that the theory of generic subsets of definable
compact definable groups works in our case also. Given any closed definable
set X ⊆ G, each φi(X ∩ U ′

i) is closed and bounded in Mn. Using Theorem
2.1 in [25], this is sufficient to prove the result needed in that paper for the
theory of generic subsets:

If X ⊆ G is a closed definable subset and M0 is a small model then the set
of M0-conjugates of X is finitely consistent if and only if X has a point in
M0.

Using Proposition 3.1 instead of Lemma 7.1 in [21] allows us to obtain
a generalization of a result on uniformity in parameters proved in [21] for
o-minimal expansions of groups. See Lemma 7.4 in [21].

First we need the following observation. Let H be a definably, connected,
definably compact definable group of dimension n. By the proof of Lemma 2.3
in [7], there is a definable chart (O, φ) for H with O a definable neighborhood
of the identity element eH of H and φ(O) = J1 × · · · × Jn where for each
j = 1, . . . , n, Ji is an open interval of the form (−jdj, dj) in a definable
ordered divisible abelian partial group Ij = (Ij, 0j,+j,−j, <j) in M . Clearly,
we may assume that φ(eH) = (01, . . . , 0n). For δ = (δ1, . . . , δn) with each
δj >j 0j, let

Oδ = {x ∈ O : φ(x) = (z1, . . . zn) and ∀j |zj|j <j δj}
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and if D is a definable subset of H, consider the open definable neighborhood

Oδ(D) = ∪{dOδ : d ∈ D}

of D in H.

Claim 3.2 If D is a nonempty closed definable subset of H and W is an
open definable neighborhood of D in H, then there exists δ = (δ1, . . . , δn) with
each δj >j 0j such that

Oδ(D) ⊆ W.

Proof. This actually follows from the proof of the fact thatH is definably
normal ([15] Proposition 4.5) by considering the closed, disjoint definable
subsets D and H \W . �

Proposition 3.3 Let {Gs : s ∈ S} be a uniformly definable family of abelian
definable groups. Then:

(1) The set of s for which Gs is definably connected is definable.

(2) The set of s for which Gs is definably compact is definable.

Proof. The proof of (1) is similar to that of (i) in Lemma 7.4 in [21]. For
(2) we may assume without loss of generality that each Gs has dimension n.
By Pillay’s construction in [28] there is uniformly in s, a definable family of
finitely many definable charts {(Ui,s, φi,s) : s ∈ S, i = 1, . . . , k} for the Gs’s.
By Proposition 3.1 we may assume that each φi,s(Ui,s) is a bounded open
definable subset of Mn.

By the proof of Lemma 2.3 in [7], there is a uniformly definable family
of charts {(Os, φs) : s ∈ S} for the Gs’s with Os a definable neighborhood of
the identity element eG of Gs and φs(Os) = J1,s × · · · × Jn,s where for each
j = 1, . . . , n, Ji,s is an open interval of the form (−j,sdj,s, dj,s) in a definable
ordered divisible abelian partial group Ij,s = (Ij,s, 0j,s,+j,s,−j,s, <j,s) in M .
Clearly, we may assume that for each s ∈ S, φs(eG) = (01,s, . . . , 0n,s). For
s ∈ S and εs = (ε1,s, . . . , εn,s) with each εj,s >j,s 0j,s, let

Oεs
s = {x ∈ Os : φs(x) = (z1, . . . zn) and ∀j |zj|j,s <j,s εj,s}

and for each i = 1, . . . , k, let

U εs
i,s = Ui,s \ ∪{uOεs

s : u ∈ Ui,s \ Ui,s}.
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Claim 3.4 For each s ∈ S, the group Gs is definably compact if and only if
there exists εs = (ε1,s, . . . εn,s) with each εj,s >j,s 0j,s such that

Gs =
k⋃

i=1

U εs
i,s.

Proof. Fix s, and assume that Gs is definably compact. For each i =
1, . . . , k, let U ′

i,s be given by Proposition 3.1 (2). Then U ′
i,s ∩ (Ui,s \Ui,s) = ∅

and so Wi,s = G \ U ′
i,s is an open definable neighborhood of Ui,s \ Ui,s. Since

by Proposition 3.1 (2), G =
⋃k

i=1 U
′
i,s it follows from Claim 3.2, that there

exists εs = (ε1,s, . . . εn,s) with each εj,s >j,s 0j,s such that Gs =
⋃k

i=1 U
εs
i,s.

For the converse, if there is an εs as above, then any (continuous) definable
curve α in Gs will be eventually contained in one of the U εs

i,s. Since φi,s(U
ε
i,s) is

bounded the (continuous) definable curve φi,s ◦ α has a limit a ∈Mn, which
must be in φi,s(Ui,s). Thus φ−1

i,s (a) ∈ Gs is the limit of α. �

�

4 Orientability of definably compact groups

The goal of this section is to investigate the orientability of a definably con-
nected, definably compact definable group G defined in an o-minimal expan-
sion of an ordered group. The best we can do so far is Theorem 1.3.

To reach our goal we require first some preliminary results which hold in
arbitrary o-minimal structures.

4.1 Preliminary results

In what follows below, fix a triple (U ′
i , Ui, φi) given by Proposition 3.1 and let

W ′ = φi(U
′
i), W = φi(Ui) and ψW = φ−1

i . For 0 ≤ k ≤ j, let πk
j : Mn−k −→

Mn−j be the projection from Mn−k onto the first (n − j) coordinates. If
k = 0, we write πj for π0

j . Note that πj = πj−1
j ◦ πj−2

j−1 ◦ · · · ◦ π0
1.

Lemma 4.1 For 0 ≤ k ≤ j, if A is a definable subset of πkW ′, then πk
jA =

πk
jA is a closed and bounded, definably normal definable set. In particular,

if B is a definable subset of W ′, then πjB = πjB is a closed and bounded,
definably normal definable set.

Proof. This result is a consequence of the following claim:
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Claim 4.2 For every j, πjW
′ and πjW are open definable subsets of Mn−j

such that πjW
′ ⊆ πjW ′ ⊆ πjW and πjW ′ = πjW ′ is a closed and bounded,

definably normal definable set.

Proof. We prove this by induction on j. For j = 0, we know from
Proposition 3.1 that W ′ and W are open definable subsets of Mn such that
W ′ ⊆ W ′ ⊆ W and W ′ is a closed and bounded definable set. Since ψW (W ′)
is a closed definable subset of G and G is definably normal ([15] Proposition
4.5), W ′ is also definably normal.

For the inductive step consider j = l+1 and that the result holds for j = l.
Since πl+1 = πl

l+1 ◦ πl we have to show that if U ′ and U are open definable

subsets of Mn−l such that U ′ ⊆ U ′ ⊆ U and U ′ is a closed and bounded,
definably normal definable set, then πl

l+1U
′ and πl

l+1U are open definable

subsets of Mn−(l+1) such that πl
l+1U

′ ⊆ πl
l+1U

′ ⊆ πl
l+1U and πl

l+1U
′ = πl

l+1U
′

is a closed and bounded, definably normal definable set. Clearly under the
inductive hypothesis all we have to show is that πl

l+1U
′ ⊆ πl

l+1U
′ (the other

inclusion is always true and the other properties follow from the equality
πl

l+1U
′ = πl

l+1U
′).

By the shrinking lemma ([13] Proposition 2.17) in G and using ψW we see
that there is an open definable set W ′′ in Mn such that W ′ ⊆ W ′ ⊆ W ′′ ⊆
W ′′ ⊆ W and W ′′ is definably normal. By induction hypothesis there is an
open definable set U ′′ in Mn−l such that U ′ ⊆ U ′ ⊆ U ′′ ⊆ U ′′ ⊆ U and U ′′

is definably normal. Let x ∈ πl
l+1U

′ be such that (πl
l+1)

−1(x) ∩ U ′′ ∩ U ′ = ∅.
Since U ′′ is definably normal, there is an open definable neighborhood V of
(πl

l+1)
−1(x) ∩ U ′′ in U ′′ which does not intersect U ′. Clearly we can assume

that V = (πl
l+1)

−1(V1)∩U ′′ where V1 is an open definable neighborhood of x
which does not intersect πl

l+1U
′ which is absurd. �

We can now show the lemma. Clearly all we have you show is that
πk

jA ⊆ πk
jA (the other inclusion is always true and the other properties

follow from the equality πk
jA = πk

jA). By Claim 4.2, πkW ′ = πkW ′ is

definably normal. Let x ∈ πk
jA be such that (πk

j )−1(x) ∩ πkW ′ ∩ A = ∅.
Since πkW ′ is definably normal, there is an open definable neighborhood V of
(πk

j )−1(x)∩πkW ′ in πkW ′ which does not intersect A. Clearly we can assume

that V = (πk
j )−1(V1) ∩ πkW ′ where V1 is an open definable neighborhood of

x which does not intersect πk
jA which is absurd.

�

We end this subsection with the following results due to Berarducci and
Fornasiero ([1]) for definable sets in o-minimal expansions of groups. These
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can be generalized to arbitrary o-minimal structures since they rely on a re-
sult comparing sheaf cohomology and Cěch cohomology of topological spaces
([1] Fact 7.1). For a more complete treatment of Cěch cohomology in o-
minimal structures we refer the reader to [17], but Appendix D in [1] is also
useful.

Lemma 4.3 ([1]) Let X be a definable set. If there exists a finite covering
U = {Ui : i ∈ I} of X by open definable subsets with Hp(UJ ; k) = 0 for every
p > 0 and H0(UJ ; k) = k for every finite J ⊂ I with UJ :=

⋂
j∈J Uj non-

empty, then H i(X; k) is isomorphic to the i-th simplicial cohomology group
of the nerve N(U) of the covering with coefficients in k.

Moreover they proved in [1] also the following result:

Lemma 4.4 ([1]) Let X ⊂ Y be definable sets. Suppose that there are finite
covering U = {Ui : i ∈ I} of X and V = {Vi : i ∈ I} of Y by open definable
subsets indexed by the same finite set I such that:

(1) Ui ⊂ Vi for all i, j ∈ I.

(2) For all finite J ⊂ I, UJ :=
⋂

j∈J Uj is non empty (i.e. the natural map
among the nerves of the covering is an isomorphism).

(3) For each finite J ⊂ I the sets UJ and VJ :=
⋂

j∈J Vj are either empty
or connected, and for all q > 0, Hq(UJ ; k) = Hq(VJ ; k) = 0.

Then the inclusion map X ⊂ Y induces an isomorphism H∗(Y ; k) → H∗(X; k).

4.2 Proof of Theorem 1.3

Here we assume that M is an o-minimal expansion of an ordered group
(M, 0,+, <). In this setting it is proved in [1] that, given a closed and
bounded definable set X the cohomology H i(X; k) is finitely generated for
every i. In the proof of this result there is a construction which will be very
useful here also. Thus we include here some of the results and their proofs
from [1] relativized to definable subsets of πjW

′ from Subsection 4.1 above.

Lemma 4.5 ([1]) Every cell C in πjW
′ is acyclic, i.e. Hp(C; k) = 0 for

p > 0 and H0(C; k) = k.

This lemma follows from: (i) the homotopy axiom for o-minimal coho-
mology ([13]); (ii) the fact that for every cell is there exists a definable de-
formation retract onto a cell of strictly lower dimension ([1] Lemma 5.2) and
(iii) an interval is definably contractible to a point ([1] Lemma 5.1 and the
remark after Corollary 5.3 in [1]).

14



Lemma 4.6 ([1]) Let C ⊆ πjW
′ be a (bounded) cell of dimension m. There

is a definable family {Ct : t > 0} of definably compact sets Ct ⊂ C such that:

(1) C =
⋃

t>0Ct.

(2) If 0 < t′ < t then Ct ⊂ Ct′ and the inclusion induces an isomorphism
Hp(C\Ct; k) → Hp(C\Ct′ ; k).

(3) For every t > 0, C\Ct has the same cohomology groups of an m − 1
dimensional sphere, namely

Hp(C\Ct; k) =


k if p ∈ {0,m− 1}

0 if p /∈ {0,m− 1}.

Proof. We define the definably family {Ct : t > 0} by induction on the
dimension of the cells in the following way.

(1) If l := n− j = 1 and C is a singleton in πjW
′ we define Ct = C.

(2) If l := n − j = 1 and C = (a, b), then Ct = [a + γt, b − γt] where
γt = min{a+b

2
, t}, (in this way Ct is non empty).

(3) Let l := n − j > 1 and C = Γ(f), where f : B → M is a continuous
definable map and B ⊆ πj+1W

′ is a bounded cell. By induction Bt is
defined so we define Ct = Γ(f|Bt) (the graph of the restriction of the f
on Bt.)

(4) Let l := n− j > 1 and C = (f, g)B, where f, g : B →M are continuous
definable maps on B ⊆ πj+1W

′ a bounded cell such that f < g. By
induction Bt is defined. We put Ct = [f + γt, g − γt]Bt , where γt :=
min(f−g

2
, t).

We observe that from this construction we obtain:

Claim 4.7 For each t > 0 there is a covering UC = {Ui : i ∈ I} of C\Ct

such that:

(1) The index set I is the family of the closed faces of an m-dimensional
cube, where m = dim(C). (So |I| = 2m).

(2) If F ⊂ I, then UF :=
⋂

i∈F Ui is either empty or a cell. (So in particular
Hp(UF ; k) = 0 for p > 0 and, if UF 6= ∅, H0(UF ; k) = k.)

15



(3) For F ⊂ I, UF 6= ∅ iff the faces of the cubes belonging to F have a
non-empty intersections. (So the nerve of U is isomorphic to the nerve
of a covering of an m-cube by its closed faces.)

Proof. To prove that there is a covering satisfying the properties above,
we define UC by induction on the dimension n − j of πjW

′. We distinguish
four cases according to definition of the Ct.

(1) If l := n−j = 1 and C is a singleton, then UC is the covering consisting
of one open set (given by the whole space C).

(2) If l := n − j = 1 and C = (a, b), then C\Ct is the union of the two
open subsets (a, a+γt) and (b−γt, b), and we define UC as the covering
consisting of these two sets.

(3) Let l := n− j > 1 and C = Γ(f), where f : B → M. By induction we
have a covering V of B\Bt with the stated properties, and we define
UC to be a covering of C\Ct induced by the natural homeomorphism
between the graph of f and its domain.

(4) Let l := n−j > 1 and C = (f, g)B. By definition Ct = (f+γt, g−γt)Bt .
By induction we have that B\Bt has a covering V = {Vj : j ∈ J} with
the stated properties, where J is the set of closed faces of the cube
[0, 1]m−1. Define a covering UC = {Ui : i ∈ I} of C\Ct as follows. As
index set I we take the closed faces of the cube [0, 1]m. Thus |I| = |J |+2,
the two extra faces of the corresponding to the“top” and “bottom” face
of [0, 1]m. We associate to the top face the open set (g−γt, g)B ⊂ C\Ct

and the bottom face the open set (f, f + γt)B ⊂ C\Ct. The other
open sets of the covering are the preimages of the sets Vj under the
projection Mn−j → Mn−j−1. This defines a covering of C\Ct with the
stated properties.

�

Properties (2) and (3) of the lemma now follow from Claim 4.7 and Lem-
mas 4.3, 4.4 and 4.5.

�
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Lemma 4.8 Let C ⊆ πjW
′ be a (bounded) cell of dimension m. Then

Hp
c (C; k) =


k if p = m

0 if p 6= m.

Proof. Let c be the family of definably compact, definable sets. Then by
definition of o-minimal sheaf cohomology with definably compact supports,

H∗
c (C, k) = lim−→

U⊆C, C\U∈c

H∗(C,U, k).

Since for every U ⊆ C such that C \U ∈ c there is t > 0 such that U ⊆ C \Ct

(as each Ct ∈ c) , we have

H∗
c (C, k) = lim−→

t>0

H∗(C,C \ Ct, k).

Now the result follows from the exactness axiom

. . . −→ H l(C,C\Ct; k) −→ H l(C; k) −→ H l(C\Ct; k) −→ H l+1(C,C\Ct; k) −→ . . .

and Lemmas 4.5 and 4.6. (Note that in [13] the exactness axiom is stated
for closed definable subsets but it holds for arbitrary definable subsets with
the same proof). �

Proof of Theorem 1.3. Let G be a definably connected, definably compact,
definable group of dimension n. Let V be the collection of all nonempty open
definable subsets of G such that V ∈ V if and only if there exists a U ′

i given
by Proposition 3.1 (2) such that V ⊆ U ′

i and φi(V ) is an open cell of a cell
decomposition of φi(U

′
i). By Lemma 4.8 and the following claim, assumptions

(1) and (2) of Theorem 2.2 hold as required.

Claim 4.9 ([11]) Suppose that M is a non linear o-minimal expansion of
an ordered group. Then every nonempty, bounded, open definable subset U
of Mn can be covered by finitely many open cells in Mn contained in U .

This is a generalization to non linear o-minimal expansions of ordered
groups of Wilkie’s result in o-minimal expansions of fields in [31].
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