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1 Introduction

Throughout this paper, NV will be an N;-saturated o-minimal structure and
definable will mean N-definable (possibly with parameters). We are inter-
ested here in understanding the subgroup of m-torsion points of a connected
locally definable group. A locally definable group is roughly a group whose
underlying set is a union of definable sets and the graphs of the group op-
erations are unions of definable sets. Locally definable groups are a special
case of what is called in the literature \/-definable groups and they occour
quite often in connection with the study of definable groups (see [e2], [ps],
[pst] and [pps]).

By [e3], many results from the theory of definable groups, which includes
real algebraic groups and semi-algebraic groups, have an analogue in the
theory of locally definable groups. Among these we have the following prop-
erties:

(TOP) every locally definable group G over A has a unique locally definable
topological structure over A such that the group operations are continuous
and the locally definable homomorphisms are also continuous;

(DCC) the descending chain condition for compatible locally definable sub-
groups over A of a locally definable group G over A;

(QT) existence in the category of locally definable groups over A of the
quotient of a locally definable group over A by a compatible locally definable
normal subgroup over A together with the existence of a corresponding locally
definable section over A;

(AB) every locally definable group G over A of positive dimension has a
compatible locally definable abelian subgroup over A of positive dimension.

The definable analogues of (TOP), (DCC) and (AB) were proved in [p].
(TOP) for locally definable groups over A is essentially the same as (TOP)
for \/-definable group over A which was proved in [pst]. Property (QT) for
definable groups is from [el]. In Section 2 here, we define locally definable
groups and present some of the properties of these groups that we will need.
We then assume that A is an o-minimal expansion of a field and prove the
following results:



Theorem 1.1 Let G be a connected locally definable abelian group over A
and let m be a natural number with prime decomposition p’fl e --pf’ such that
D1y, > dim G+ 2. Then the subgroup G[m] of m-torsion points of G is
a finite locally definable subgroup over A with at most 21 dim G generators.

Roughly a locally definable group G is connected if it has no proper
locally definable subgroup H such that (G : H) < N;. See Section 2 for
details on this notion. Since by [e3] Corollary 3.16 (i), every torsion point of
a connected locally definable group is in the centre of the group, Theorem
1.1 implies the following:

Corollary 1.2 Let G be a connected locally definable group over A and let
m be a natural number with prime decomposition plfl cees ~pfl such that
P1,---,p > dimG + 2. Then the subgroup G|m] of m-torsion points of G is
a finite definable subgroup over A.

Corollary 1.2 is a special case of the following property:

(TOR) If G is a connected locally definable group over A, then for all m € N,

the subgroup G[m] of m-torsion points of G is a finite definable subgroup over
A.

For definable groups property (TOR) is proved in [s] using the o-minimal
Euler characteristic for definable sets defined by van den Dries [vdd] using
the cell decomposition theorem. This is an Euler-Grothendieck character-
istic for the definable category in the sense of [ks]. In our more general
context, there is no generalization of the o-minimal Euler characteristic since
the Grothendieck ring of the category of locally definable sets with locally
definable maps is trivial.

As we saw in [eo] the structure of the subgroup G[m] of m-torsion points
of a definable group G is closely related to the o-minimal singular cohomology
groups H*(G; Q) of G over Q. The property we require for H*(G; Q) is that
it a Hopf Q-algebra and this is proved using the fact that the o-minimal
singular homology groups H,(G) are bounded and of finite type i.e., H;(G)
is a finitely generated abelian group and H;(G) = 0 for all k£ > dim G. More
precisely, we require that H,(G) is of finite type since the multiplication on
H*(G;Q) is given by the cup product and the comultiplication is given by
p = (/)" tou* where u : GxG — G is the multiplication map on G and o/ is



the cross product homomorphism in the Kiinneth formula for the o-minimal
singular cohomology whose validity requires the groups H,(G) to be of finite
type. (Compare with the classical case in [d] Chapter VI, Proposition 12.16).

It is easy to generalize Woerheide’s ([Wo]) construction of the o-minimal
singular homology and cohomology in the definable category to the cate-
gory of locally definable spaces (o-minimal analogues of locally semi-algebraic
spaces from [dk]). Similarly the (co)homology products from [eo] can also
be generalized. However, for a locally definable group G over A, which by
(TOP) is a locally definable space, we cannot guarantee that H.(G) is of
finite type. To overcame this difficulty, we will dualize and consider in-
stead the o-minimal singular homology groups H.(G;Z/pZ). When G is
abelian, H,(G;Z/pZ) can be made into a Hopf Z/pZ-algebra with multipli-
cation u, o o’ and comultiplication (a”)~ o Ag where Ag : G — G x G
is the diagonal and a” is the cross product homomorphism in the Kiinneth
formula for the o-minimal singular homology whose validity does not require
the groups H,(G) to be of finite type. (Compare with the classical case in
[d] Chapter VI, Corollary 12.10). In Section 3, we recall the basic theory
of Hopf algebras and show how to attach a bounded Hopf algebra to every
connected locally definable abelian group.

In Section 4, we use the theory of locally definable covering homomor-
phisms from [e2] together with a modified version of the Hopf-Leray-Borel
theorem classifying Hopf algebras of finite type over perfect fields, to prove
Theorem 1.1 by considering the Hopf algebras H,(G; Z/pZ) with p > dim G+
1. The reason we consider the coefficient ring Z/pZ instead of Q is due to
the fact that, unlike in the definable case in [eo], we cannot guarantee a
prior that the o-minimal fundamental group m(G) of the connected locally
definable abelian group G over A is a torsion-free finitely generated abelian
group. In the definable case ones uses the fact that a definably connected
definable abelian group G is divisible to conclude that 7 (G) is torsion-free!

The fact that every connected definable abelian group G is divisible, is
known as property (DIV), and is a consequence of (TOR): since G[m] is
a finite definable subgroup, mG is a definable subgroup of G of dimension
dimG. By [p], (G : mG) < X,. But since G is definably connected, again
by [p], we must have mG = G as required. This argument fails in the case
of locally definable groups, because a locally definable group G can have a
locally definable subgroup H such that dim H = dim G and (G : H) is not
bounded by N;. So the following question remains open.
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Question: Is every connected locally definable abelian group divisible?
In the process of proving Theorem 1.1 we actually show the following

result (see Lemma 4.1).

Theorem 1.3 Let G be a connected locally definable abelian group over A.
Then the following hold.

(1) If m is a natural number with prime decomposition plfl cee -pf” such
that py,...,pp > dim G + 2, then the subgroup m(G)[m] of m-torsion points
of m1(G) is finite with at most ldim G generators.

(2) The subgroup m1(G)[o0] of torsion free points of m1(G) is finitely gener-
ated with at most dim G' generators.

If we assume (DIV), then combining Theorem 1.3 with [e2] Theorem 1.1
we get the following result.

Theorem 1.4 Let G be a divisible, connected locally definable abelian group
over A. Then the following hold:

(1) the o-minimal fundamental 7 (G) of G is isomorphic to Z° where s <
dim G and;

(i1) for all m € N, the subgroup G[m] of m-torsion points of G is a finite
definable subgroup over A isomorphic to (Z/mZ)*.

Finally, in the concluding remarks in Section 5, we prove the following o-
minimal homology analogue of the structure theorem for definably compact
abelian groups from [eo].

Theorem 1.5 Let G be a definably compact, definably connected, definable
abelian group of dimension n. Then the following hold:

(1) for allm € N, the subgroup G[m| of m-torsion points of G is isomorphic
to (Z/mZ)";

(ii) the o-minimal fundamental ™ (G) of G is isomorphic to Z™;

(i1i) if K, is a perfect field of characteristic p (a prime or zero), then
H.(G;Kp) = Nyias - - Ynalk, with degypn =1 foralll =1,...,n.
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Note that the proof we present here of Theorem 1.5, does not use o-
minimal cohomology, and so, this is a new proof of (i) and (ii).

2 Locally definable groups

In this section we define locally definable groups and present some of the
properties of these groups that we will need in the paper.

Recall that, by [pst], a group G = (G, ) is a \/-definable group over
A C N, where |A| < Ny, if there is a collection {Z; : i € I} of definable
subsets of N, all definable over A such that: (i) G = U{Z; : i € I}; (ii) for
every i, j € I there is k € I such that Z;UZ; C Zj, and (iii) the restriction of
the group multiplication to Z; x Z; is a definable map into N". We modify
this definition slightly in the following way.

Definition 2.1 A group (G, ") is a locally definable group over A, with A C
N and |A] < Ny, if there is a collection {Z; : i € I} of definable subsets of
N™, all definable over A such that: (i) G = U{Z; : i € I}; (ii) there is Iy C [
with |Io| < ¥y and G = U{Z; : i € Iy}; (iii) for every i,j € I thereis k € [
such that Z; U Z; C Z, and (iv) the restriction of the group multiplication
to Z; x Z; is a definable map into N".

A homomorphism « : G — H between locally definable groups over A is
called a locally definable homomorphism over A if for every definable subset
Z C G defined over A, the restriction oz is a definable map over A.

As in the \/-definable case, the locally definable group G over A does
not depend on the choice of the collection {Z; : i € I} in the sense that
if G = U{Y; : j € J} with each Y} definable over B, |B| < Ny, then by
saturation and the definition the following hold: (i) every Y; is contained
in some Z; and vice-versa and (ii) there is Jy C J with |Jo| < Ry and
G =U{Y,:j € Jo}. For this reason we will always assume from now on that
|I| < N;. This condition is used in [e3] to prove property (QT).

Also note that if o : H — G is a locally definable homomorphism over
A between locally definable groups over A and if K is a locally definable
subgroup of G over A. Then a(H) is a locally definable group over A and
a~1(K) is a locally definable subgroup of H over A.

Before we proceed any further we recall the two main examples of locally
definable groups.



Example 2.2 The following are the two main examples of locally definable
groups over A, with A C N and |A4| < ¥.

(1) The locally definable groups over A of dimension zero: Let {Z; : i € I}
be a collection of finite subsets of N* all of which defined over A such that
for all 4,j € I there is k € I with Z; U Z; C Z;, and (Z,-) is an abstract
group, where Z = U{Z; : i € I}, and there is Iy C I with |[[y| < N; and
Z = U{Z : 1 € Iy}. Then (Z,-) is a locally definable group over A of
dimension zero.

(2) The locally definable groups over A which are the subgroups of (type)
definable groups: Let (G,-) be a (type) definable group over B C A; let
{Z; i € I} be a collection of definable subsets of G all of which defined
over A such that for all 4,j € I thereis k € [ with Z; U Z; C Z, (Z,) is
a subgroup of (G,-), where Z = U{Z; : i € I}, and there is [y C [ with
|Iy] < Ny and Z = U{Z; : i € Ip}. Then (Z,-) is a locally definable group
over A.

The proof of [pst] Proposition 2.2 also show the following theorem.

Theorem 2.3 Let G C N* be a locally definable group over A. Then there
is a uniformly definable family {Vy : s € S} of definable subsets of G defined
over A and containing the identity element of G and there is a unique topology
T on G such that: (i) {Vs :s € S} is a basis for the T-open neighbourhoods
of the identity element of G; (ii) (G, 1) is a topological group and (iii) every
generic element of G has an open definable neighbourhood U C N* such that
U NG is T-open and the topology which U N G inherits from T agrees with
the topology it inherits from N*.

In Theorem 2.3, by a uniformly definable family {V; : s € S} of definable
subsets of G defined over A we mean that S is definable over A and there is
a definable subset of N* x S over A such that the fiber over s is V; for each
ses.

If G =U{Z :i € I} is alocally definable group over A, we define the
dimension of G by dim G = max{dim Z; : i € I'}. As in [pst] Lemma 2.6 we
see that the following result holds.

Theorem 2.4 Let G be a locally definable group over A and H a locally
definable subgroup of G over A. Then the following holds: (i) the T-topology
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on H is the subspace topology induced by the T-topology on G; (ii) H is closed
in G in the T-topology and (iii) H is open in G in the T-topology if and only
if dim H = dim G.

The proof of [pst] Lemma 2.8 gives the following theorem.

Theorem 2.5 Any locally definable homomorphism between locally definable
groups 1s a continuous locally definable homomorphism with respect to the T-

topology.

Theorems 2.3, 2.4 and 2.5 are called property (TOP) for locally definable
groups since they generalise the corresponding property for definable groups.
From now on, whenever we use topological notions on a locally definable group
we are referring to the T-topology.

We will now introduce the notion of compatible locally definable sub-
sets of a locally definable group. This notion is useful for understanding
connectedness in the context of locally definable groups.

Definition 2.6 A set Z is a locally definable set over A where A C N and
|A| < ¥y if there is a collection {Z; : i € I} of definable subsets of N", all
definable over A such that: (i) Z = U{Z, : i € I}; (ii) there is I, C I with
|Io] <Ny and Z = U{Z; : i € Ip}; (iii) for every i,j € I there is k € I such

A map a : Z — X between locally definable sets over A is called a
locally definable map over A if for every definable subset V' C Z defined over
A, the restriction )y is a definable map over A.

By saturation, the set Z does not depend on the choice of the collection
{Z; : i € I} in the sense that if Z = U{Y] : j € J} with each Y} definable over
B, |B| < Xy, then the following hold: (i) every Y} is contained in some Z; and
vice-versa and (ii) there is Jy C J with |Jo] < Ny and Z = U{Y; : j € Jo}.
For this reason we will always assume from now on that |I| < R;.

Let o : Z — X be a locally definable map over A between locally
definable sets over A and let Y be a locally definable subset of X over A.
Then a(Z) is a locally definable set over A and a~(Y) is a locally definable
subset of Z over A. If Z = U{Z; : i € I} is a locally definable set over A, we
define the dimension of Z by dim Z = max{dim Z; : i € I}.



Definition 2.7 Let G be a locally definable group over A and let H be a
locally definable subgroup (resp., subset) of G over A. We say that H is a
compatible locally definable subgroup (resp., subset) if for every open definable
subset U of G over A, the set H NU is a definable subset of G over A.

For example, if H is a definable subgroup (resp., subset) of G over A,
then H is a compatible locally definable subgroup (resp., subset) of G.

We now turn to the notion connectedness. The following definition is the
analogue of [pst] Definition 2.12.

Definition 2.8 Let G be a locally definable group over A. We say that a
set Z C (G is connected if there is no definable subset U C G over A such
that U N Z is a nonempty proper subset of Z which is closed and open in the
topology induced on Z by G.

The next remark can be proved in exactly the same way as [pst] Lemmas
2.13 and 2.14.

Remark 2.9 Let G be a locally definable group over A. Then the following
hold:

(1) Every definable open subset Z C G over A can be partitioned into
finitely many connected definable subsets of G' over A.

(2) There is a locally definable subgroup G’ of G' over A which is connected
and such that dim G’ = dim G.

As pointed out in [pst], the connected locally definable subgroups given
by Remark 2.9 (2) are not unique. In fact, let A/ be a non standard model
of the theory of the ordered additive group of real numbers, G = (N2, +),
G = {(z,y) € N? : there exists n € N such that —n < z < n} and
G" = {(x,y) € N? : there exists n € N such that —n < y < n}. Then G’
and G are two distinct connected locally definable subgroups of G over Z.

Nevertheless, we have the following generalization of [pst] Lemma 2.15
(iii). See [e2] Proposition 2.18.

Proposition 2.10 Let G be a locally definable group over A. Then there
is a unique connected compatible locally definable normal subgroup G° of G
over A with dimension dim G. Moreover, the following hold:
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(i) G° contains all connected locally definable subgroups of G over A;

(ii) G° is the smallest compatible locally definable subgroup of G over A
such that (G : G%) < ¥4

(i1i) there is a locally definable subset {zs : s € S} of G over A such that
G = U{z,G" : s € S} (disjoint union).

3 O-minimal singular homology

From now on we will assume that N is an o-minimal expansion of a field.

3.1 O-minimal singular homology groups

In o-minimal expansions of real closed fields, Woerheide ([Wol) constructs
the o-minimal singular homology (H,,d,) with coefficients in Z satisfying
the o-minimal Eilenberg-Steenrod homology axioms (the analogues of the
Eilenberg-Steenrod axioms for the category of definable sets with definable
continuous maps).

The definition of the o-minimal homology groups is quite easy, but the
verification of the axioms is very difficult as we now explain. Indeed, the
construction is essentially the same as for the standard singular homology,
only with the word “definable” added here and there. But the standard
proof of the excision axiom, based on the repeated barycentric subdivisions
and the Lebesgue number property for the standard simpleces A", fails and
the difficulty is avoided by the use of the o-minimal triangulation theorem
and his construction of the o-minimal simplicial homology.

Here we will point out how to generalise Woerheide’s construction and
define the o-minimal singular homology groups H.(G) of a locally definable
group G over A. Observe that one could in fact define o-minimal singular
homology (H.,d.) with coefficients in Z in the category of locally definable
spaces over A satisfying the corresponding o-minimal Eilenberg-Steenrod ho-
mology axioms. However this level of generality will not be necessary here.

So let G C N* be a locally definable group over A. If h : X — G is a
map such that as a map into N* is definable, we say that h is a definable
map. We say that h is a continuous definable map, if it is continuous when
we take the 7-topology on G.
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For each m > 0, consider the abelian group S,,(G) freely generated by
the singular (continuous) definable simplixes o0 : A™ — G, where A™ =
{(to,... ,tm) € N™1 3" ¢, = 1,t; > 0} is the standard m-dimensional
simplex. The boundary operator 0,11 : Spt1(G) — Sp(G) (morphism
of degree —1) is defined as in the classical case making S,(G) a free chain
complex. Also, a locally definable continuous map f : G — K over A
between locally definable groups over A induces a chain map f : S,(G) —
S.(K) (i-e., a morphism of degree zero satisfying f; 0 0, = 0, o f;). The
graded group H,(G) is defined as the homology of the chain complex S, (G).
A locally definable continuous map f : G — K over A between locally
definable groups over A induces a homomorphism f, : H.(G) — H.(K) of
graded groups (via f;).

This construction easily gives, as in the classical case treated in [d] Chap-
ter VI, Section 7, the o-minimal singular homology with coefficients in any
Z-module L. Indeed, if f : G — K is a locally definable continuous map
over A between locally definable groups over A, one defines the o-minimal
singular homology with coefficients in L by

H..(G; L) = H,,(S.(G) ® L)

and f. : H,(G; L) — H,,,(K; L) is the homomorphism induced by f; ® id.

The next result follows from the homological algebra universal coefficients
theorem in [d] Chapter VI, Theorem 4.2. For details compare with [d] Chap-
ter VI, Section 7.

Proposition 3.1 (Universal Coefficients Theorem) Suppose that G is
a locally definable group over A and L is a Z-module. Then, for everyn € 7Z,
there are natural exact sequences

0— H,(G)® L H,(G; L) — Tor(H,_,(G), L) — 0.

By construction of the o-minimal singular homology groups H.(G) of a
locally definable group G over A, one can also develop the theory of products
for the o-minimal singular homology in the same way as in the classical case
treated in [d] Chapter VI and VII. Here we recall only the o-minimal singular
homology cross product since this will be used in the proof of our main result.
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Theorem 3.2 (Kiinneth Formula for Homology) Assume that G and
K are locally definable groups over A and L is a Z-module. Then, for all
n € 7, there is an isomorphism

o/ > Hy(G;L)® Hy(K; L) — H,(G x K; L).

i+j=n

Proof. As in the definable case treated in [eo] Proposition 3.2, we have
the o-minimal version of the Eilenberg-Zilber theorem: there are unique (up
to chain homotopy) natural chain equivalences S,(G x K) — S,(G)® S,(K)
and S,(G)®5,(K) — S.(G x K) inverse to each other. Any such chain map
is called an £Z map. Furthermore, the £Z maps are commutative, associa-
tive and preserve units as in [d] Chapter VI, 12.1 - 12.5. The isomorphism
o is defined using the FZ maps as its classical analogue in [d] Chapter VI,
Corollary 12.12 in the same purely algebraic way. a

The homomorphism o from Theorem 3.2 is called the homology (exter-
nal) cross product and o'(a ® b) is denoted a X b.

Theorem 3.3 The homology cross product satisfies the following properties:

(1) Naturality. (f x g).(a x ) = (fea) x (g.5)

(2) Skew-commutativity. t,(a x 8) = (—1)38del3 x o where t : G x
K — K x G commutes factors.

(3) Associativity. (ax ) xy=a x (8 x 7).
(4) Units. I xa=ax1=a.

Proof. The proof of this result is purely algebraic and similar to that of
its classical analogue in [d] Chapter VII, Section 2. In fact, these properties
are consequences of the corresponding properties for the £Z maps. O
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3.2 Hi(G) for k=0,1 and k£ > dimG

Let G be a locally definable group over A. Here we will compute Hy(G) for
k=0,1and k > dimG.

Recall from [e2] that a definable path in G is a continuous definable map
a:[0,1] — G; we say that G is definably path connected if for every u,v € G
there is a definable path « : [0, 1] — G such that «(0) = u and a(1) = v.

Proposition 3.4 If G is a connected locally definable group over A, then

Proof. By [e2] Lemma 4.5, G is definably path connected. Now the
result can be obtained in exactly the same way as its classical analogue in
[d] Chapter III, Proposition 4.11. 0

A definable path « : [0,1] — G is called a definable loop at eq if a(0) =
e¢ = a(l). Two definable paths o and 3 in X are said to be definably
homotopic if there is a definable map H : [0,1] x [0,1] — G such that
H(0,t) = a(t) and H(t,1) = p(t) for all t € [0,1]. The equivalence class of
a under this equivalence relation if denoted by [a].

The set of equivalence classes under definable homotopies of definable
loops at eq is the o-minimal fundamental group m;(G) of G. Moreover, if
f: G — K is a continuous locally definable map over A between connected
locally definable groups over A with f(eg) = ey, then there is an induced
homomorphim f, : m(G) — m(K) given by f.([c]) = [f o a]. For details
see [e2].

Proposition 3.5 Let G and K be connected locally definable groups over
A and let f : G — K be a continuous locally definable map over A with
f(eq) = ex. Then there is a canonical commutative diagram

m(G) L5 m(K)
! !
H(G) Lo Hy(K)

in the category of groups. Moreover, the homomorphism m (G) — Hy(G)
induces the following isomorphism

m(G)/[m(G), m(G)] — Hi(G).
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In fact, since by [e2], m(G) is abelian, we have an isomorphism m(G) =~
Hi(G).

Proof. This the o-minimal Hurewicz theorem and it can be proved as
its classical analogue. In fact, it is enough that on the proof of [ro] Lemma
4.26 we replace the function u : [0,1] — S! given by u(t) = €™ by any
definable continuous map v : [0,1] — S* such that v(0) = v(1) and v 1) is
a bijection onto S!. O

Proposition 3.6 If G is a locally definable group over A with dimension m,
then Hy(G) =0 for all k > m and H,,(G) is torsion-free.

Proof. For n € Z, let Z,(G) = Kerd,, and B,(G) = Imd, 1. Then by
definition we have H, (G) = Z,,(G)/B,(G).

Suppose that n > m and let o = 3'_ 0, € S,,(G), where each o; : A" —
G is definable (continuous) map, be such that o € Z,,(G). By saturation, let
U be an open definable subset of G such that U{o;(A") :i=1,...,1} CU.
Then o € Z,(U). Thus, since H,(U) = 0 for n > dimU = m, there is
A € Sp41(U) such that o = 0,41 A. But A is also an element of S,,11(G) and,
the equality ¢ = 0,41 A holds in S,(G). This shows that Z,,(G) = B, (G) as
required.

Now suppose that n = m. Let 0 = Y 0; € S,(G), where each o :
A" — G is definable (continuous) map, be such that o € Z,(G). Suppose
also that there is s € N such that so = 0,41\ for some A € S,,41(G), ie.,
the class [o] of ¢ in H,,(G) is a torsion element. By saturation, let U be an
open definable subset of G such that U{c;(A") : i = 1,..., 1} U{\;(A"1):
j=1,....k} CU where A= 3% | \; € S,41(G) and each ); : A" — G
is definable (continuous) map. Then o € Z,(U) and A € S,1(U). So the
equality so = Op41A holds in S,,(U). Thus the class [o] of ¢ in H,,(U) is a
torsion element which contradicts the fact that H,,(U) is a (possibly trivial)
free abelian group. O

3.3 Hopf algebras of locally definable groups

Let H = Zkzo Hy, be a graded, skew-commutative, associative R-algebra
with unity element where R is a commutative ring with unit. We say that
H is connected if Hy ~ R.
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If H is connected, we call H a quasi Hopf R-algebra or hopf R-algebra (of
finite type) if each Hy is an R-module (resp., a finite dimensional R-module)
and there is a degree preserving R-algebra homomorphism ¢ : H — H ®p
H called co-multiplication or diagonal, such that: if Hy is an R-algebra of
dimension one with generator e, then the map ¢ : H — R, defined by
e(e) =1 and e¢(h) = 0 for all h € Hy, with k > 1is a co-uniti.e., forall h € H,
(e®@r1)(h) = 1®@rh and (1®@ge)p(h) = h®rl. A quasi Hopf R-algebra H is
called a Hopf R-algebra if 1) is associative i.e., (Y ®@r 1)y = (1®Qg1Y)1Y. We say
that ¢ is commutative if T o) = 1) where T'(x ®pgy) = (—1)38@desW)y @ 2,

Example 3.7 An example of a connected Hopf R-algebra, is the free, skew-
commutative, graded Hopf R-algebra R[xy, ..., 2k, ...] @r Aly1,---, 41, - |r,
where the z;’s are of even degrees and the y;’s are of odd degrees, and we
have the relations: yjz- = —yjz- =0, vy, = —Yj¥i, YjT;i = T;Yj, T;Tj = T;T;.
In view of the freeness of this algebra, comultiplication is determined by its
values on the generators z; and y;:

and
Y(yj) =y ®r 1+ 1®pryY;.

This algebra is of finite type if the number of z;’s and y;’s of each degree is
finite. For details on this example see [d] Chapter VII, Example 10.15.

We now recall the classical Hopf-Leray-Borel theorem classifying quasi
Hopf algebras of finite type over perfect fields. For details see [mt] Chapter
VII, Corollary 1.4.

Theorem 3.8 Let H be a quasi Hopf algebra of finite type over a perfect
field K, of characteristic p. Then we have the following ring isomorphisms:
(1) Forp=0; H =~ (\,[7a]r,) ®(Q 5 Ko[z5]), where degx,, is odd and degzs
is even.
(2) Forp=2; H ~(Q, Kalra]/(24)) ® (Q5 Ka[rs]), where hq is a power
of 2.
(3) For p#0,2; H = (A, [ric,) ® (& Kylza)) @ (@, Kl /(). where
degz, is odd, degzg and degz, are even, and h. is a power of p.

Here, if dimH < oo, then there is no term of K,|xg].
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In [d] Chapter VII, Proposition 10.16, it is proved that in the charac-
teristic zero case, Theorem 3.8 holds for quasi Hopf algebras which are not
necessarily of finite type. This is the original Hopf-Leray theorem in charac-
teristic zero.

Theorem 3.9 Let R be a field and G is a connected locally definable abelian
group over A. Then H.(G;R) is a Hopf R-algebra such that H,(G;R) = 0
for alln > dimG.

Proof. The multiplication v : H,(G;R) ®g H.(G;R) — H.(G;R)
is called the Pontrijagin product and is defined by v = u, o o where u :
G x G — @ is the multiplication map on G and «” is the cross product
homomorphism in the Kiinneth formula for the o-minimal singular homology.
By definition, v preserves degrees. The associativity (resp., commutativity
and units) for v follows at once from the corresponding properties for u
and «’ (Theorem 3.3). For details see [d] Chapter VII, Section 3. Since
G is connected, by Propositions 3.1 and 3.4, Hy(G; R) ~ R and H,.(G; R)
is a connected, graded, skew-commutative, associative R-algebra with unity
element.

The co-multiplication ¢ : H,(G; R) — H.(G; R)®r H.(G; R) is given by
Y = (o)l oAg. where Ag : G — G x G is the diagonal and o” is the cross
product homomorphism in the Kiinneth formula for the o-minimal singular
homology. A representative of 1 at the level of the o-minimal singular chain
complexes is a natural diagonal map D : EZ o Agy : Si(G) — S.«(G) ®
S.(G). The properties of the EZ-maps, like in the purely algebraic classical
case, carry over to the diagonal D and we obtain that D is commutative,
associative and preseves units as in [d] Chapter VI, (12.22) — (12.24). The fact
that D is preserves units, i.e., (id®#)oD and (f®id)o D are chain homotopic
to id where 6 : S,(G) — Z is the augmentation, corresponds exacts to the
property that ¢ needs to have to be a co-multiplication. Associativity (resp.,
commutativity) of D corresponds to the associativity (resp., commutativity)
of 1. For details see [d] Chapter VI, Section 12 and also [d] Chapter VII,
Section 3 and Section 10.

By Proposition 3.6, H,(G) = 0 for all n > dim G and H,(G) is torsion-
free for n = dim G. Now Proposition 3.1 and [w] Proposition 3.1.4 implies
that H,(G; R) =0 for all n > dim G. O
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Corollary 3.10 Let R be a field of characteristic zero and G a connected
locally definable abelian group over A. Then

H*(G7 R) = /\[yla ce 7y7"]R
for some r < dim G such that Y "._, degy; < dim G.

Proof. This follows from the Hopf-Leray theorem in characteristic zero
([d] Chapter VII, Proposition 10.16) and Theorem 3.9. O

3.4 H.G;Z/pZ) for p > dimG + 1

In this subsection we will prove a modification of the Hopf-Leray theorem
classifying connected Hopf algebras over fields of characteristic zero and per-
fect fields of positive characteristic. We will follow the treatment of the
characteristic zero case presented in [d] Chapter VII, Section 10. This modi-
fied version of the Hopf-Leray theorem will allow us to compute H,(G; Z/pZ)
for p > dim G + 1.

Definition 3.11 Let A =), ., Ax be a connected, graded, skew-commutative
associative R-algebra with unity element. Let p: A®pr A — A be the mul-
tiplication. We will often write ajas for p(ay, as).

Define the graded R-submodules D" A of A wheren =0,1,..., as follows:
DA = A; (D'A); = A, for j > 0 and (D*A); =0 for j < 0; and D" A =
Im(p: D"A® D'A — A). Clearly D" A C D"A and (D"A); = 0 for all
j <n.

Define the R-modules ©"A = D"A/D""'A. We say that A is a split
R-algebra if D" A is a direct summand of D™A for all n. For example, if R
is a field, then A is always a split R-algebra.

Note that, by [d] Chapter VII, Proposition 10.4, D™ and ©™ may be
viewed as functors of connected, graded, skew-commutative, associative R-
algebra with unity element. By [d] Chapter VII, (10.3) and Proposition 10.7,
we have the following easy result.

Remark 3.12 Let A and B be connected, graded, skew-commutative, asso-
ciative split R-algebra with unity element. Then A ®g B is also a connected,
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graded, skew-commutative, associative split R-algebra with unity element.
Moreover, we have

D"A~O"A@ D" A~ @ ek A

k>n

D"(A®rB)= Y D'A®zD"'B

0<i<n

and
O"(A®rB)= Y ©'A®yO0"B.
0<i<n
Below, we will use 7% : ©"(A ®r A) — O'A @ O" A to denote the
natural projection and we will use ¢4 : ©'A ®r O" A — O"(A @ A) to
denote the natural inclusion.

Remark 3.13 Let h : A — H be a homomorphism of connected, graded,
skew-commutative, associative split R-algebras with unity element. Suppose
that H is a Hopf R-algebra. Then the multiplication p: AQr A — A of A
and the comultiplication ¢ : H — H ®g H of H are R-algebra homomor-
phisms. Moreover, if O'h : 0'A — ©'H and ©"*h : ©" A — O"*H are
isomorphisms and

07h = (©"u) o1y o (O'h @z O™ 'h) o wg o (")) o (O"h),
then 0'h : ©"A — O™ A agrees with the map ,( -1:0"A — O"A.

For the proof of Remark 3.13, see [d] Chapter VII, Lemma 10.11. The
next lemma is a modification of [d] Chapter VII, Proposition 10.14. The
statement is different but the proof is essentially the same.

Lemma 3.14 Let p > 2 be an integer. Let h : A — H be a homomor-
phism of connected, graded, skew-commutative, associative split R-algebras
with unity element. Suppose that H is a Hopf R-algebra and D'A (as an
abelian group) is k-torsion free for all k < p. If ©'h : O'A — O'H is an
isomorphism, then h is surjective and h; : A; — H; is an isomorphism for
all j < p—2.
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Proof. By [d] Chapter VII, Corollary 10.6, h is surjective. Since h is
surjective, it follows easily from the definition that D"h : D"A — D"H
is surjective for all n. But then, by the first equation on Remark 3.12, it
follows that ©"h : ©"A — ©™H is also surjective for all n. We will show
that ©"h : ©"A — O™H is injective for all 1 < n < p. Let 1 < n < p.
By induction assume that ©"7!'h : O" 1A — ©O""'H is an isomorphism.
Then, by Remark 3.13, with ¢ = n — 1, we see that 6 _h : O"A — O"A
agrees with n-1: ©"A — ©"A. By the first equation on Remark 3.12 and
the assumption on D'A, we see that ©™A is n-torsion free. Hence, 67_,h is
injective. In particular, the first factor ©"h in the composition defining the
homomorphism 6 _,h is injective.

By decreasing induction on n < p we now show that (D"h); : (D"A); —
(D"H); is an isomorphism for all j < p —2. For n = 0 we get the lemma.
Let n = p — 1. Since j < n, we have (D"A); = (D"H); = 0. On the other
hand, by definition, we have the exact sequence 0 — D"A — D" 1A —
©" 1A — 0. In particular, for each j < p — 2, we have the exact sequence
0— (D"A); — (D" 'A); — (0" 'A); — 0. Now the inductive step follows
from the exact sequence 0 — (D"A); — (D" 'A); — (0" 1A); — 0 and the
five lemma. a

We will now prove the following weak analogue of the Hopf-Leray-Borel
theorem for Hopf algebras over Z/pZ which are not necessarily of finite type.

Proposition 3.15 Let p > 2 be a prime and let H be a Hopf Z/pZ-algebra.
Then there is a free, skew-commutative, graded Hopf Z/pZ-algebra

A= Z/pZ[.Tl, A T ] ®Z/pZ /\[yl; e Y, - -]Z/pZ

and there is a homomorphism h : A — H of connected, graded, skew-
commutative, associative split Z./pZ-algebras with unity element such that h
is surjective and hj : A; — Hj is an isomorphism for all j < p — 2.

Proof. Since Z/pZ is a field, the Z/pZ-module ©'H = D'H/D?H has
a basis over Z/pZ. Let M C D'H C H be the lifting of a basis of O'H
over Z/pZ. Let A = Z/pZ{xy,...,xx,...] @z/pz N1, Y- - |z/pz Where
each x; (resp., y;) is in M and the degree of z; (resp., y;) in A is the same
as its degree in H. Let h : A — H be the unique homomorphism of
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connected, graded, skew-commutative, associative split Z/pZ-algebras with
unity element extending the inclusion M — H.

The result will follow from Lemma 3.14. So we need to verify the con-
ditions of the lemma. Clearly, the set {z + D*4 : © € M} is a basis for
the Z/pZ-module ©'A = D'A/D?*A. Hence, O'h : ©'A — O'H is an
isomorphism.

We will show that D! A is k-torsion free for every k < p. Let 0 < k < p and
let @ € D'A be an element such that ka = 0. Since the elements of the form
Ty Ty, Qzypz i, N - -AYj, With ji < ... < j, are a basis for A over Z/pZ, we
have that a is a finite sum Zil,---yiz,j1'<...<.jn rfllfl”x“ T, Y N AYj-
Therefore, ka = Zil,‘..,z’l,j1<‘..<jn krglhyzjznx@l """ Tiy @zypz Yjn N+ NYj, = 0.
But this implies that krfllfl" is zero in Z/pZ and therefore, all the elements
J1eeesdn

eI

are zero in Z/pZ. So a is the zero element. O
Corollary 3.16 Let G be a connected locally definable abelian group over A
and p > dim G + 1 a prime. Then
HA(GZ/pZ) =~ Ny, - vilzyn
for some t < dim G with 3_:_, degy; < dim G
Proof. This is a consequence of Proposition 3.15 and Theorem 3.9. O

We end with the following conjecture whose o-minimal cohomology ana-
logue was verified in [eo] for definable groups.

Conjecture: If GG is a connected locally definable abelian group over A and
K, is a perfect field of characteristic p (a prime or zero), then

H*(Ga Kp) = /\[ym, R 7ym:1]Kp

with degy;; =1 for all [ =1,...,m. Moreover, m = dim G if and only if G
is a definably compact definable abelian group.
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4 Proof of the main theorems

We now use the Hopf algebra of a connected locally definable abelian group
G over A to extract information about its o-minimal fundamental group.

Lemma 4.1 Let G be a connected locally definable abelian group over A.
Then the following hold.

(1) For every prime number p, the subgroup 7 (G)[p| of p-torsion points of
m1(G) is finite with at most dim G generators.

(2) For every prime number p and natural number k, the subgroup m (G)[p"]
of pk-torsion points of m(G) is finite with at most dim G generators.

(3) The subgroup m(G)[o0] of torsion free points of m1(G) is finitely gener-
ated with at most dim G generators.

Proof. Fisrt observe that, by Proposition 3.5, m(G) ~ Hi(G). The
arguments in the proofs of (1) and (3) are similar and (2) follows from (1).

(1) We have H\(G;Z/pZ) ~ H\(G) @ Z/pZ & Tor”(Hy(G),Z/pZ) by
Proposition 3.1. As G is connected, by Proposition 3.4, Hy(G) ~ Z and so,
H(G: Z,/pZ) ~ Hy(G)Z/pT, = Tor(Hy(G), Z/pZ) ~ Hy(G)[p] ~ m(G)lp].
For details, see [w] 3.1.1.

By Corollary 3.16 the Hopf Z/pZ-algebra H.(G;7Z/pZ) is isomorphic to
A1, - Yilzpz with t < dim G such that St degy; < dim G. Hence, since
a generator of 7 (G)[p] determines a generator of H,(G;Z/pZ) of degree one,
the group 7 (G)[p] has at most dim G generators.

(2) Let x1,..., 2, € m(G)[p¥] be such that, for each i = 1,...,m, z; is
not in the subgroup of 71 (G)[p*] generated by {xy,..., 7 1,1, .., Tm}.
Then the subgroup of m;(G)[p*] generated by {z1,...,z,,} is isomorphic to
@, Z/p"7Z and, consequently, m (G)[p] contains a subgroup with m gener-
ators. Thus by (1) m < dim G and (2) holds.

(3) By Proposition 3.1, H,(G; Q) ~ H,(G)®Q& Tory (Hy(G), Q). As G is
connected, by Proposition 3.4, Hy(G) ~ Z and so, H;(G;Q) ~ H,(G) ® Q ~
Hy(G)[oo] © Q = m (G)[o0] ® Q.

By Corollary 3.10, H.(G; Q) ~ Alv1, - - -, Ym|o with m < dim G such that
>, degy; < dimG. Hence, since a generator of m(G)[oo] determines a
generator of H,(G;Q) of degree one, the group m(G)[oo] has at most dim G
generators. O
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Proof of Theorem 1.1. Let G be a locally definable abelian group over A
and let m be a natural number with prime decomposition plfl ceee pfl such
that py,...,p > dim G + 2. We have to show that the subgroup G[m] of
m-torsion points of G is a finite locally definable subgroup over A with at
most 2/ dim G generators. Since G[m] ~ G[p"] @ - - @ G[pM] it is enough to
show that if p is a prime such that p > dim G + 2, then for all £ € N, the
subgroup G[p*] of p*-torsion points of G is a finite locally definable subgroup
over A with at most 2dim G generators.

For a contradiction suppose that there are distinct elements x4, ..., z,, €
G[p] with m > 2dim G such that, for each i = 1,...,m, z; is not in the
subgroup of G[p] generated by {x1,...,Z;—1,%iz1, ..., Tm}-

Let Z be the subgroup of G generated by {z1,...,z,,}. Then Z is a finite
group isomorphic to (Z/pZ)™ and hence Z is a locally definable subgroup of
G over A of dimension zero. By (QT) and [e2] Theorem 3.5, we have a locally
definable covering homomorphism h : G — G/Z. By [e2] Propositions 3.4
and 4.6, we have a short exact sequence

1 = h(m(GQ) — m(G/Z) % Z — 1.

For each ¢ = 1,...,m, choose w; € m(G/Z) is such that ¥(u;) = w;.
Note that we can choose uq,...,u,, so that for each i = 1,...,m, the el-
ement u; is not in the subgroup of m(G/Z) generated by {uy,...,u;j—1}.
Observe also that either wu; is torsion free or the order [; of w; is divisible
by p. Indeed, if ku; = 0, then 0 = ¢ (ku;) = ky(u;) = kxz;. So, since
m > 2dimG = dim G/Z, either there are more than dim G/Z elements of
{uy, ..., uy} which are generators of m(G/Z)[c0] or there are more than
dim G/Z elements wy,...,w, in {uy,...,u,} of finite order divisible by p.
The first case cannot happen by Lemma 4.1 (2). So assume that the later
holds. For each i = 1,...,n, write [; = p*s; with s; not divisible by p.
Then the finite subgroup generated by wj; is of the form Z/p*Z x F; with
F; of order s;. Since s; is prime to p, F; is in the kernel of ). So we may
replace each w; by an element v; of order pFi. Consequently, 7 (G/Z)[p"]
where k = k1 + - - - + k,,, contains n > dim G /Z generators which contradicts
Lemma 4.1 (2).

Let x1,..., 2, € G[p*] be such that, for each i = 1,...,m, x; is not in
the subgroup of G[p*] generated by {x1,...,2; 1,Zit1,-..,Tm}. Then the
subgroup of G[p*] generated by {x1,...,z,,} is isomorphic to ;" Z/p"Z
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and, consequently, G[p| contains a subgroup with m generators. Thus m <
dim G and G[p"] is a finite locally definable subgroup over A with at most
2dim G generators. a

5 Concluding remarks

The goal of this section is to present a proof of o-minimal homology struc-
ture theorem for definably compact definable abelian groups (Theorem 1.5).
However, when possible, we will develop the theory in the category of locally
definable groups rather than just definable groups.

We start with the generalization of the Euler characteristic. So let G
be a connected locally definable abelian group. Then by Corollary 3.10, we
have H,(G;Q) ~ Alyi, ..., yr]g for some r < dim G such that >, degy, <
dim G. The FEuler-Poincaré characteristic x(G) of G is by definition

where b; = dimg H;(G; Q) are the Betti numbers of G.

This is indeed a generalization of the o-minimal Euler characteristic for
definable groups, since if GG is a definably compact abelian group, then by
[bol], x(G) coincides with the o-minimal Euler characteristic E(G) of G.

If f: G — G is a continuous locally definable map, the Lefschetz number
of f is defined by

dim G

AS) = (=) tr(f);

=0

where tr(f.); is the trace of (f.); : H;(G; Q) — H;(G; Q).

Theorem 5.1 Let G be a connected locally definable abelian group. For
each k € N, let [k] : G — G be the locally definable homomorphism given
by multiplication by k. Then the following hold.

(1) If x; = y;; N --+ ANy;, 1S a generating monomial for the graded vector
space Ho(G;Q) =~ Aly1, - - -, yrlo, then [k].(z;) = k2@ z; where len(z;) = u.

(2) If r > 0, then A([k]) = (1 — k). In particular, x(G) = 0.
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Proof. By Corollary 3.10, H.(G;Q) ~ Aly1,-..,¥r]Jo for some r <
dim G such that ), degy; < dim G. Therefore, co-multiplication is given
by u(x) =2z ®@r 1+ 1®gx for all x € {y1,...,y.}. Since by Theorem 3.9,
= (a")toAg, (where Ag : G — G x G is the diagonal map and o is cross
product homomorphism in the Kiinneth formula for the o-minimal singular
homology), we have Ag.(z) =2 x 14+ 1 x x for all z € {y1,...,y,}. Recall
also that the product in H,(G;Q) is given by u, o a” where u: G x G — G
is the product in G.

(1) An induction on k shows that [k].(z) = kx for x € {y1,...,4-}. In
fact, [k+1] = uo([k] x1g)oAg and so [k+1].(z) = u.o([k] X 1g)s0Ags(x) =
us o ([k] X 1g)«(x x 1 + 1 x x). By the naturality of cross product and the
inductive hypothesis, we have [k +1].(z) = ux(kx X 1+ 1 x ) = uy 0 (kx ®
1+1®x) = (k+ 1)a. Therefore, if z; = y;, A --- Ay, is a generating
monomial for the graded vector space H,(G;Q), then [k].(z;) = k'*"@)g,
where len(z;) = u.

We now prove condition (2). By (1), A([k]) = Y (—1)des@ijlen(@) 1 1
where the sum is taken over all generating monomials z; = y;, A -+ A y;,
for the graded vector space H,(G;Q). Since y;’s have odd degrees, we have
(—1)dee(®:) = (—1)len() Using this, a simple calculation shows that A([k]) =
(1—k). O

Theorem 5.1 together with the basic theory of Subsections 3.1 and 3.3
gives an easy solution to the Peterzil-Steinhorn torsion points problem ([ps]):

Remark 5.2 (Torsion points problem) If G is a definably connected de-
finably compact abelian group of dimension n, then G has m-torsion points
for every m € N.

In fact, by [bo], H,(G) ~ Z and so, by the universal coefficients theorem,
H,(G;Q) ~ Q. Hence, from Theorem 5.1 (2), it follows that E(G) = 0. But
by [s], the condition F(G) = 0 implies that G has m-torsion points for every
m € N.

Proof of Theorem 1.5. To prove Theorem 1.5 we require the theory of
degrees of continuous definable maps as developed in [eo] Section 4. This
theory is not available in the category of locally definable spaces.

Assume G is a definably connected, definably compact definable abelian
group of dimension n and, for m € N, let [m] : G — G be the defin-
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able homomorphism given by multiplication by m. by [bo|, H,(G) ~ Z and
so, by the universal coefficients theorem and Corollary 3.10, H.(G;Q) ~
A1 .-, yr]o for some 0 < r < dim G such that Y ., degy; < dimG. By
Theorem 5.1 (1), we have [m].((s) = m'(g where (¢ = y1 A--- ANy, €
H,(G;Q) is the fundamental class of G. Thus, by definition of degree of a
definable continuous map, we have deg[m| = m”. By [eo] Corollary 4.6,
deg[m] < |G[m]|, and so, by Theorem 1.4, r < s where s is such that
m(G) ~ Z*. Now Proposition 3.5 (or its definable analogue [eo] Theorem
5.1), m(G) ~ H,(G), and the universal coefficients theorem, implies that
among {y1,...,y,} must be exactly s elements of degree one. Hence s = r
and all y;’s must be of degree one. Since (¢ = y1 A -+ Ay, € H,(G;Q), it
follows that s = r = n.
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