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1 Introduction

Let R be an o-minimal expansion of an ordered group (R, 0,+, <). The
structure R will be fixed throughout and definable will mean definable in R
with parameters.

In the paper [15] we constructed an o-minimal sheaf cohomology the-
ory for the category of definable sets equipped with the o-minimal site and
with morphisms continuous definable maps. This sheaf cohomology theory
satisfies the Eilenberg-Steenrod axioms adapted to the o-minimal site. The o-
minimal setting generalises the semi-algebraic and sub-analytic contexts ([4]
and [11]), and so this theory generalises the existence of sheaf cohomology in
semi-algebraic geometry, as described in the book [9]. See also [8].

Unlike in the case of o-minimal expansions of fields where we know that
definable groups equipped with their definable manifold structure are affine,
in order to apply this cohomology theory to definable groups in R we have to
extend this theory to definable spaces. In Section 2 we point out that there
is no problem to do this.

We are interested in applying this cohomology theory to definably com-
pact definable groups. So we will work with definably compact spaces. Recall
that a definable space X is called definably compact if for every continuous de-
finable map α : (a, b) ⊆ R −→ X, the limits limt−→a+ α(t) and limt−→b− α(t)
exist in X. See [26].

In the paper [2], it is proved that for a definably compact definable set
X ⊆ Rn and an abelian group F , the sheaf cohomology groupsHp(X;F ) with
coefficients in the constant sheaf on X generated by F are finitely generated
and invariant in elementary extensions of R. In Section 2 we observe that
the proof in [2] actually easily generalizes to definably compact definable
spaces. This invariance result together with results from [15] will give us the
proper base change theorem (Theorem 2.4). When this is combined with the
projection formula (Theorem 2.7) we get the Künneth formula (Corollary
2.11). These results when applied to definable groups give a uniform bound
on the size of the torsion subgroups:

Theorem 1.1 Let G be a definably connected, definably compact, definable
abelian group. Then there exists s ≤ dimG such that the o-minimal funda-
mental group of G is

π1(G) ' Zs

and hence the subgroup of k-torsion points of G is

G[k] ' (Z/kZ)s.
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After a preliminary version of the paper was in circulation, Y. Peterzil
produced a paper ([25]) where is it proved by reduction of the semi-bounded
case to the field case that s in Theorem 1.1 is actually equal to dimG. Also A.
Berarducci produced a paper ([1]) with results on the o-minimal cohomology
of definable groups in o-minimal expansions of fields which presents a lemma,
due to A. Fornasiero, which can be used to prove the Künneth formula for o-
minimal sheaf cohomology in arbitrary o-minimal structures with definable
Skolem functions. With this result available together with the Hurewicz
theorem from [16] we can prove a generalization of Theorem 1.1:

Theorem 1.2 Let M be an arbitrary o-minimal structure with definable
Skolem functions. Let G be a definably connected, definably compact definable
abelian group. Then the classifying group of G is given by

η(G) ' Πp prime Πκ(p)Zp

where for each p, Zp is the group of p-adic integers and if p > dimG + 1,
then κ(p) ≤ dimG. Hence, for each prime p > dimG + 1, the subgroup of
p-torsion points of G is

G[p] ' (Z/pZ)κ(p)

with κ(p) ≤ dimG.

We added an appendix to the paper explaining how to obtain Theorem
1.2.

2 Proper base change

As defined in [11] Chapter X, a definable space is a triple (X, (Xi, φi)
k
i=1)

where: (i) X = ∪{Xi : i = 1, . . . , k}; (ii) each φi : Xi −→ Rli is a bijection
such that φi(Xi) is a definable subset of Rli and, for all j, φi(Xi ∩ Xj) is
open in φi(Xi) and the transition maps φij : φi(Xi ∩Xj) −→ φj(Xi ∩Xj) :
x 7→ φj(φ

−1
i (x)) are definable homeomorphisms. A definable space has a

topology such that each Xi is open and the φi’s are homeomorphisms: a
subset U of X is an open in the basis for this topology if and only if for each
i, φi(U ∩Xi) is an open definable subset of φi(Xi). We also say that a subset
A of X is definable if and only if for each i, φi(A ∩Xi) is a definable subset
of φi(Xi). A map between definable spaces is definable if when it is read
through the charts it is definable. Thus we have the category of definable
spaces with definable continuous maps. We also have the category of pairs
of definable spaces whose objects are pairs (X,A) with X a definable space
and A a definable subset of X and whose morphisms f : (X,A) −→ (Y,B)
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are continuous definable maps f : X −→ Y between definable spaces such
that f(A) ⊆ B.

The o-minimal site on a definable space X will be the category whose
objects are open definable subsets of X, the morphisms are the inclusions
and the admissible covers are finite covers by open definable subsets. Thus
we have the category of sheaves of abelian groups Shdtop(X) on a definable
space X equipped with the o-minimal site.

We can also define the o-minimal spectrum X̃ of a definable space X as in
the case of definable sets ([7] and [28]): it is the set of ultrafilters of definable

subsets of X. The o-minimal spectrum X̃ of a definable space X is a spectral
topological space when equipped with the topology generated by the open
subsets of the form Ũ , where U is an open definable subset of X. The proof
of this is as in [15] Proposition 2.5 by reading through the charts. Also as

in [15] Definition 2.8 we have the o-minimal spectrum f̃ : X̃ −→ Ỹ of a
continuous definable map f : X −→ Y between definable spaces. Hence we
can define as in [15] sheaf cohomology in the category of pairs of definable
spaces by setting

H∗(X;F) := H∗(X̃; F̃)

where X is a definable space, F is a sheaf in Shdtop(X). (In this context
we also have an analogue of [15] Proposition 3.2 giving an isomorphism of

categories Shdtop(X) −→ Sh(X̃) : F 7→ F̃ , where Sh(X̃) is the category of

sheaves of abelian groups on the topological space X̃).
We say that a definable space X is definably normal if for every two

disjoint closed definable subsets A and B of X there are two disjoint open
definable subsets U and W of X such that A ⊆ U and B ⊆ W . Since by [11]
Chapter VI, Proposition 1.2, R has definable Skolem functions, then by [11]
Chapter VI, Proposition 1.14 and the proof of the main result from [15] we
have that: In the category of pairs of definable spaces in R there exists an o-
minimal sheaf cohomology theory satisfying the Eilenberg-Steenrod axioms.

The results from [2] that we mentioned in the introduction are based
on cell decomposition for definable sets, thus we need a similar notion for
definable spaces.

Let (X, (Xi, φi)
k
i=1) be a definable space. Define inductively the following

data: K1 is a cell decomposition of φ1(X1); if Ki has been defined, define
Ki+1 to be a cell decomposition of φi+1(Xi+1) compatible with φi+1(Xi+1) \
∪{φj(Xj ∩ Xi+1) : j = 1, . . . , i} and with the collection of definable sets
{φi+1(φ−1

j (C)) : j = 1, . . . , i, C ∈ Kj}. We call the data (Ki)
k
i=1 a cell

decomposition of X and we call each φ−1
j (C) with C ∈ Kj for some j a cell

in X of the cell decomposition (Ki)
k
i=1.

We say that a cell φ−1
j (C) in a cell decomposition (Ki)

k
i=1 of a definable
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space X is bounded if C is a bounded cell in Rlj . We say that a definable
space X is bounded if each chart Xi is a bounded definable subset of Rli . So
in a bounded definable space every cell is bounded.

With these definitions available we have the analogue of Lemmas 8.1 and
8.2 in [2] for bounded cells in definable spaces by reading through the charts.
Also, if X is a bounded, definably compact, definably normal definable space,
then we also have an analogue of Corollary 8.4 from [2] since Corollary C.6
there also holds for definable spaces - by replacing the use of Corollary C.5
in [2] by its generalization to arbitrary o-minimal structures:

Proposition 2.1 Assume that X is a subspace of a normal space in the
category of o-minimal spectra of definable spaces, F is a sheaf in Sh(X) and
Y is a quasi-compact subset of X. Then the canonical homomorphism

lim
Y⊆U,U open in X

Hq(U ;F) −→ Hq(Y ;F|Y )

is an isomorphism for every q ≥ 0.

As we point out in [15] page 175, this proposition is the o-minimal ana-
logue of [8] Theorem 3.1 and follows in the same way from the shrinking
lemma (Proposition 2.17 in [15]). Therefore we have:

Theorem 2.2 Let X be a bounded, definably compact, definably normal de-
finable space and let F be an abelian group. Then the sheaf cohomology
groups Hp(X;F ) with coefficients in the constant sheaf on X generated by F
are finitely generated and Hp(X;F ) = 0 for p > dimX.

As in [2] the proof of Theorem 2.2 also shows that:

Theorem 2.3 Let X be a bounded, definably compact, definably normal de-
finable space and let F be an abelian group. If S is an elementary extension

of R, then the restriction map X̃(S) −→ X̃ induces an isomorphism of sheaf
cohomology

H∗(X̃;F ) −→ H∗(X̃(S);F )

with coefficients in the constant sheaf generated by F .

We will now apply the invariance theorem (Theorem 2.3) to prove an
o-minimal proper base change theorem which generalizes the proper base
change from real algebraic geometry ([9] Chapter II, Theorem 7.8) but re-
stricted to constant sheaves and bounded, definably compact, definably nor-
mal definable spaces.
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Let f : X −→ Y and g : Z −→ Y be continuous definable maps between
bounded, definably compact, definably normal definable spaces. Form the
cartesian square

X
g′←− X ×Y Z

↓f ↓f ′

Y
g←− Z.

Let F be a sheaf on X with respect to the o-minimal site. Then there is
a canonical base change homomorphism

α : g∗Rqf∗F −→ Rqf ′∗(g
′∗F)

for every q ≥ 0.

Theorem 2.4 (Proper base change) If F is an abelian group, then the
base change homomorphism

α : g∗Rqf∗F −→ Rqf ′∗(g
′∗F )

is an isomorphism for every q ≥ 0.

Proof. Since (g′)−1(A) = A×Y Z, f ′|(g′)−1(A) is definably proper for every

closed definable subset A. This implies that f ′(B) is a closed definable subset
of Z for every closed definable subset B. Also since X, Y and Z are definably
normal, we see that f̃ ′ (and of course f̃) satisfy the hypothesis of following
claim:

Claim 2.5 Let f : X −→ Y be a morphism in the category of o-minimal
spectra of definable spaces. Assume that f maps constructible closed subsets
of X onto closed subsets of Y . Let F be a sheaf in Sh(X) and suppose that
Y is a subspace of a normal space in the category of o-minimal spectra of
definable spaces. Then, for every β ∈ Y , the canonical homomorphism

(Rqf∗F)β −→ Hq(f−1(β);F|f−1(β))

is an isomorphism, where (Rqf∗F)β denotes the stalk of the higher direct
image Rqf∗F at β.

As we point out in [15] page 175, this claim is the o-minimal analogue of
[8] Theorem 3.5 and follows in the same way from Proposition 2.20 in [15].

Let γ ∈ Z̃ and β = g̃(γ). From Claim 2.5 we have

(g̃∗Rqf̃∗F )γ = (Rqf̃∗F )β = Hq(f̃−1(β);F )
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and
(Rqf̃ ′∗(g̃

′∗F ))γ = Hq(f̃ ′
−1

(γ);F ).

Let S be an elementary extension of R where β is realized. Then we

have f̃−1(β)(S) = ˜(fS)−1(β)(S) and g′ induces a homeomorphism between

f̃ ′
−1

(γ) and ˜(fS)−1(β)(S). Hence

H∗(f̃ ′
−1

(γ);F ) ' H∗(f̃−1(β)(S);F ).

The result will follow from the next claim since then we get

H∗(f̃ ′
−1

(γ);F ) ' H∗(f̃−1(β);F )

which shows that the base change homomorphism α is an isomorphism.

Claim 2.6 We have an isomorphism

H∗(f̃−1(β)(S);F ) ' H∗(f̃−1(β);F ).

We now prove the claim. Consider the cover of Y by its charts. Since Y is
definably normal, by the shrinking lemma ([15] Proposition 2.17), we find a
cover of Y by closed definable neighborhoods in Y each of which is contained
in a chart of Y . Let O be one of these closed definable neighborhoods in Y
such that β ∈ Õ. By [20] and working through the charts, the specializations

of β in Õ form a chain and hence there are only finitely many of them. Then
there is an open definable subset U of O such that β ∈ Ũ and no proper
specialization of β in Õ is in Ũ (remove the unique closed specialization of

β from Õ, then there is an open definable subset V of O such that β ∈ Ṽ
and the closed specialization of β in Õ is not in Ṽ , then replace O by V
and proceed by induction on the number of proper specializations of β.) For

this U we have that β is closed in Ũ . Thus since U is definably normal ([11]
Chapter VI (3.5)), by [15] Theorem 2.13, there is an open definable subset

W such that W ⊆ W ⊆ U and β ∈ W̃ . But then ˜(f|f−1(W ))
−1(β) = f̃−1(β).

Now since f−1(W ) is definably compact and ˜(f|f−1(W ))
−1(β) is a closed type

definable subset of ˜f−1(W ), arguing as in the proof of [2] Theorem 9.2 we
conclude that

H∗( ˜(f|f−1(W ))
−1(β)(S);F ) ' H∗( ˜(f|f−1(W ))

−1(β);F )

and so
H∗(f̃−1(β)(S);F ) ' H∗(f̃−1(β);F ).
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Our next theorem holds with no restrictions on the definable spaces and
sheaves. A continuous definable map f : X −→ Y between definable spaces
is definably closed if it maps every closed definable subset of X into a closed
definable subset of Y .

Theorem 2.7 (Projection formula) Let f : X −→ Y be a continuous
definable map between definable spaces which is definably closed. Let k be
a commutative ring and let F and G be sheaves of k-modules on X and
Y respectively with respect to the o-minimal site. Then there is a natural
isomorphism

Rf∗F ⊗k G ' Rf∗(F ⊗k f ∗G).

Proof. This result follows from its version in the category of o-minimal
spectra of definable spaces. In this context our result is similar to [21] Propo-
sition 2.6.6 which uses Lemma 2.5.12 and Proposition 2.5.13 from [21]. Thus
we need to verify the later results in our context.

Claim 2.8 Let Z be the o-minimal spectra of a definable space, k a com-
mutative ring and M a flat k-module. Let F be a sheaf of k-modules on Z.
Then there is a natural isomorphism

Γ(Z;F)⊗k M ' Γ(Z;F ⊗k M).

In particular, if F is soft, then F ⊗k M is soft.

For this we can follow the proof of Lemma 2.5.12 in [21].

Claim 2.9 Let f : Z −→ W be the o-minimal spectra of a continuous de-
finable map which maps closed constructible subsets into closed subsets. Let
k a commutative ring and let F and G be sheaves of k-modules on W and Z
respectively. Then there is a natural morphism

f∗G ⊗k F −→ f∗(G ⊗k f ∗F)

such that if F is k-flat, then it is an isomorphism.

For this claim we follow the proof of Proposition 2.5.13 in [21] by replacing
the use of Proposition 2.5.2 and Lemma 2.5.12 there by Claim 2.5 (with
q = 0 and the family of supports of closed constructible sets) and Claim 2.8
respectively.
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With Claims 2.8 and 2.9 available we can finish the proof of the theorem
as in [21] Proposition 2.6.6. First assume that F is a flat sheaf. By Claim
2.8, ones sees that the functor −⊗k f ∗F sends soft sheaves into f∗-injective
sheaves. Hence Rf∗(−⊗k f ∗F) is the derived functor of f∗(−⊗k f ∗F). Since
Rf∗(−) ⊗k F is the derived functor of f∗(−) ⊗k F , the result follows from
Claim 2.9 in this case. For the general case we note that F as an object of
the derived category of sheaves bounded from below is quasi-isomorphic to
a complex bounded from below of flat sheaves. �

Let us give two important corollaries of the theorems above. The first
one tells us that the cohomology of a definable space with coefficients in an
arbitrary commutative group is known as soon as it is known over Z. The
second one tells us how to calculate the cohomology of a product of bounded,
definably compact, definably normal definable spaces.

Corollary 2.10 (Universal coefficients formula) Suppose that X is a
definable space and let k be a commutative ring and M a k-module. Then
there is natural isomorphism

RΓ(X;M) ' RΓ(X; k)⊗k M

and

RΓ(X;M) '
⊕

j H
j(X;M)[−j]

'
⊕

j(H
j(X; Z)⊗Z M ⊕ TorZ

1 (Hj+1(X; Z),M))[−j].

Proof. One has M = a∗XM ⊗k k where aX : X −→ {pt} is the constant
map. By the projection formula (Theorem 2.7), we get

RaX∗(a
∗
XM ⊗k k) ' RaX∗k ⊗k M.

Furthermore, since the homological dimension of the ring Z is one, we have
for an object N of the bounded derived category of sheaves of Z-modules

N ' ⊕jHj(N)[−j],
N ⊗Z M '

⊕
j(H

j(N)⊗Z M ⊕ TorZ
1 (Hj+1(N),M))[−j].

�

Corollary 2.11 (Künneth formula) Let X and Y be bounded, definably
compact, definably normal definable spaces. Let k be a commutative ring and
let F and M be k-modules. Then

RΓ(X × Y ;F ⊗k M) ' RΓ(X;F )⊗k RΓ(Y ;M).
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Proof. Consider the diagram

X
pX←− X × Y

↓aX ↓pY
pt

aY←− Y.

Then by the projection formula (Theorem 2.7) and the proper base change
(Theorem 2.4) we have

RaX×Y ∗(F ⊗k M) ' RaY ∗RpY ∗(p
∗
XF ⊗k p∗YM)

' RaY ∗((RpY ∗p
∗
XF )⊗k M))

' RaY ∗(a
∗
YRaX∗F ⊗k M)

' RaX∗F ⊗k RaY ∗M.

�

3 On torsion points

Here we apply the results of Section 2 to definably compact definable groups
and prove Theorem 1.1 from the introduction.

Let G be a definably compact, definably connected, definable abelian
group. In order to prove Theorem 1.1 we consider three case.

Case 1: R is an o-minimal expansion of a field. In this case it was
proved in [18] using o-minimal singular cohomology that the o-minimal fun-
damental group of G is π1(G) ' ZdimG and hence the subgroup of k-torsion
points of G is G[k] ' (Z/kZ)dimG.

Case 2: R is a linear o-minimal expansion of a group. By the work
of Lovey’s and Peterzil in [22], this means that an elementary extension of R
is a reduct of an ordered vector space over an ordered division ring. So one
may assume that R= (R, 0, 1,+, <, (λ)λ∈Λ) (an ordered vector space over an
ordered division ring Λ). In this situation it was proved by Eleftheriou and
Starchenko in [19] by a direct analysis of the structure of definable groups that
the o-minimal fundamental group of G is π1(G) ' ZdimG and the subgroup
of k-torsion points of G is G[k] ' (Z/kZ)dimG.

Case 3: R is a (non linear) semi-bounded o-minimal expansion of
a group.
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Lemma 3.1 Assume that R is a semi-bounded o-minimal expansion of a
group. Then every definably compact definable group is bounded as a definable
set and as a definable space.

Proof. Let G be a definably compact definable group with G ⊆ Rl.
Suppose that G is not a bounded definable subset of Rl. Then by de-
finable choice ([11] Chapter VI, Proposition 1.2) we have a definable map
α : (a,+∞) −→ G, which by o-minimality we may assume to be injective
and continuous with respect to the definable manifold structure on G given
in [27]. Since G is definably compact, the limit limt−→+∞ α exists in G. Let
b be this limit and let g ∈ G be a generic (over the set of parameters over
which G is defined). Then replacing α by (a,+∞) −→ G : t 7→ gb−1α(t)
(where the products and inverse are taken in G), we may assume that b is
generic. In this situation, by [27], a fundamental system of definable neigh-
borhoods of b in G is given by the intersection of a fundamental system of
definable neighborhoods of b in Rl with G. In particular, by continuity and
o-minimality, we can assume that the image of α is contained in a bounded
open box containing b. As the image Imα of α is a bounded one-dimensional
definable subset of G, by applying cell decomposition to Imα, we conclude
that there exists a definable bijection between an unbounded interval and a
bounded interval, contradicting the fact that R is semi-bounded, i.e., it has
no poles ([12]).

Finally, since G is bounded as a definable set, by the construction of
the definable manifold structure of G given in [27], G is also bounded as a
definable space. �

By Lemma 10.4 in [3] Hausdorff definable manifolds in o-minimal expan-
sions of fields are definably normal definable spaces. Since the same proof
holds in o-minimal expansions of groups (it only uses the existence of a norm
in Rl) and definable groups are Hausdorff, we have:

Lemma 3.2 Let R be an arbitrary o-minimal expansion of an ordered group.
If G is a definably compact definable group, then G is a definably normal
definable space.

We will also require the following general result:

Theorem 3.3 (Hurewicz theorem) Let R be an arbitrary o-minimal ex-
pansion of an ordered group. If G is a definably connected locally definable
group and Z a countable abelian group, then we have a homomorphism

Hom(π1(G), Z) −→ Ȟ1(G;Z),

which does not send any sujective elements of Hom(π1(G), Z) to zero.
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Proof. By Theorem 1.4 in [14] we have an isomorphism between the
fundamental group π1(G) of G defined using definable paths and the funda-
mental group π(G) of G defined using locally definable covering homomor-
phisms.

The proof of the Hurewicz theorem for definable groups in arbitrary
o-minimal structures presented in [16] shows with the same arguments a
Hurewicz theorem for π(G), namely, for any definably connected locally
definable group G in an arbitrary o-minimal structure, and any (abstract)
countable abelian group Z, there is a homomorphism

Homfact(π(G), Z) −→ Ȟ1(G;Z)

with the extra important property that it does not send any surjective ele-
ments of Homfact(π(G), Z) to zero. Here Homfact(π(G), Z) is the subgroup of
Hom(π(G), Z) of all homomorphisms h : π(G) −→ Z such that there exists
p : H −→ G ∈ Cov0(G) and a homomorphism h : Kerp −→ Z with h = h◦θH
where θH : π(G) −→ Kerp is the natural projection. The group Ȟ1(G;Z) is
the first Čech cohomology group of G with coefficients in Z. O-minimal Čech
cohomology for the definable category was defined in [17] where the authors
also prove the Eilenberg-Steenrod axioms for this theory. The construction
of the Čech cohomology groups easily generalizes to locally definable groups
by considering countable covers by open definable subsets.

By Theorem 1.4 in [14] again we have Homfact(π(G), Z) = Hom(π(G), Z).
Indeed, if h : π(G) −→ Z is in Hom(π(G), Z), then we have a canonical

p : G̃/Kerh −→ G ∈ Cov0(G) such that the universal covering homomor-

phism p̃ : G̃ −→ G is the composition of the quotient locally definable
covering homomorphism G̃ −→ G̃/Kerh and p : G̃/Kerh −→ G. Since
Kerp ' π(G)/Kerh we find a homomorphism h : Kerp −→ Z with the right
properties. �

We can now give a partial computation of the cohomology groups of
definably compact definable groups:

Theorem 3.4 Assume that R is a semi-bounded o-minimal expansion of a
group. Let G be a definably connected, definably compact definable group
and let m : G×G −→ G be the multiplication in G. Then H∗(G; Q) can be
equipped with a structure of a Hopf-algebra over Q, with comultiplication m∗ :
H∗(G; Q) −→ H∗(G; Q)⊗H∗(G; Q). Furthermore we have an isomorphism

H∗(G; Q) ' ∧[ω1, . . . , ωr]Q

of Hopf-algebra over Q, with the ωi’s of odd degree and primitive, that is,
m∗(ωi) = ωi ⊗ 1 + 1⊗ ωi, for each i = 1, . . . , r.
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Proof. By Lemmas 3.1 and 3.2, G is a bounded, definably normal de-
finable space, hence we can use the Künneth formula (Corollary 2.11) as in
Theorem 3.4 and Corollaries 3.5 and 3.6 in [18] to finish the proof of the
theorem. �

Proof of Theorem 1.1 in Case 3. By Corollary 1.5 in [14] we have π1(G) '
Zs for some s. By Theorems 3.3 and 3.4 and the fact that Ȟ∗(G; Q) '
H∗(G; Q) (Proposition 4.1 in [15]), we have s ≤ r. On the other hand,
r ≤ degω1 + · · · + degωr = q and 0 6= ω1 ∧ · · · ∧ ωr ∈ Hq(G; Q). Since
Hp(G; Q) = 0 for p > dimG (by Theorem 2.2 or [15] Proposition 4.2) we
have q ≤ dimG and so s ≤ dimG as required.

Combining the above proof and the main result from [19] we obtain:

Corollary 3.5 Assume that R is a linear o-minimal expansion of a group.
Let G be a definably connected, definably compact definable group. Then we
have an isomorphism

H∗(G; Q) ' ∧[ω1, . . . , ωdimG]Q

of Hopf-algebra over Q, with the ωi’s of degree one.

4 Appendix: the general case

HereM is an arbitrary o-minimal structure with definable Skolem functions
and definable means definable inM. As we explained in the introduction we
now present the proof of Theorem 1.2. Since we will need a result on Hopf-
algebras over Z/pZ which we could not find explicitly stated in the literature
we also include here a subsection on this.

4.1 The general case: Theorem 1.2

First we explain how to obtain a general version of the Künneth formula
(Corollary 2.11) for definably normal definable spaces. For this it is enough
to prove a proper base change theorem (Theorem 2.4) for definably normal
definable spaces.

Let f : X −→ Y and g : Z −→ Y be continuous definable maps between
definably compact, definably normal definable spaces. Form the cartesian
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square

X
g′←− X ×Y Z

↓f ↓f ′

Y
g←− Z.

Let F be a sheaf on X with respect to the o-minimal site. Then there is
a canonical base change homomorphism

α : g∗Rqf∗F −→ Rqf ′∗(g
′∗F)

for every q ≥ 0.

Theorem 4.1 (General proper base change) Suppose that X has a uni-
formly definable system of fundamental open definable neighborhoods. If F
is an abelian group, then the base change homomorphism

α : g∗Rqf∗F −→ Rqf ′∗(g
′∗F )

is an isomorphism for every q ≥ 0.

Proof. Looking at the proof of Theorem 2.4, we see that the only place
where we used the assumption that we are in an o-minimal expansion of
a group and we are working with bounded, definably compact, definably
normal definable spaces was in the proof of Claim 2.6. In that setting, by
the proof of Lemma 3.1 in [1] and our assumptions on X and M, we have a

homeomorphism f̃−1(β)(S) ' f̃−1(β) of topological spaces. Thus this claim
also holds in M under the assumptions we are assuming. �

As in Corollary 2.11 we obtain from Theorem 4.1:

Corollary 4.2 (General Künneth formula) Let X and Y be definably
compact, definably normal definable spaces with uniformly definable systems
of fundamental open definable neighborhoods. Let k be a commutative ring
and let F and M be k-modules. Then

RΓ(X × Y ;F ⊗k M) ' RΓ(X;F )⊗k RΓ(Y ;M).

Next we need a generalization of Theorem 3.4. But first we need to show
that definably compact definable groups are definably normal spaces. For
that we will require the following remark:
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Remark 4.3 Let G be a definably connected, definable group. Suppose
that n = dimG. By the proof of [13] Lemma 2.3, G has a definable open
neighborhood O of the identity eG of G and a definable homeomorphism
φ : O −→Mn such that φ(O) = Πn

i=1Ii where each Ii is an interval ofM of the
form (−iei, ei) inside an ordered definable group (Ji, 0i,+i,−i, <i). So G has
a uniformly definable system of fundamental open definable neighborhoods.

The following proposition will also be required.

Proposition 4.4 Let G be a definably connected, definable group. Then G
is definably locally compact, i.e. for every definably compact definable subset
K of G and every open definable neighborhood U of K in G, there exists a
definably compact neighborhood V of K in U .

Proof. As above, let n = dimG and let (O, φ) be the definable open
chart of the identity eG of G given by the proof of [13] Lemma 2.3.

Let K be a definably compact definable subset of G and U an open
definable neighborhood of K in G. We have a uniformly definable family
{a−1U ∩ O : a ∈ K} of definable open neighborhood of eG in O. By [13]
Lemma 2.3, O has definable choice, so there is a uniformly definable family
{Va : a ∈ K} of definably compact definable neighborhoods of eG in O of the
form Va = φ−1(Πn

i=1[−itai , tai ]) ⊆ a−1U ∩ O. Now take V = ∪{Va : a ∈ K}.
Then V is a closed definable neighborhood of K in U . It remains to show
that it is definably compact.

Let α : (b, c) ⊆ M −→ V be a continuous definable map. Since G has
definable choice ([13] Theorem 7.2), so thus V . Hence, there is a continuous
definable map β : (b, c) ⊆M −→ K such that for all t ∈ (b, c) we have α(t) ∈
Vβ(t). Since K is definably compact, there is d ∈ K such that limt−→c− β(t) =
d. But then there is b < e < c such that α(e, c) ⊆ Vd. As Vd is definably
compact, limt−→c− α(t) ∈ Vd ⊆ V as required. �

Proposition 4.5 Let G be a definably connected, definably compact definable
group. Then G is a definably normal space.

Proof. As above, let n = dimG and let (O, φ) be the definable open
chart of the identity eG of G given by the proof of [13] Lemma 2.3.

First notice thatG is definably regular i..e. if C is a closed definable subset
of G and a is a point of G not in C, then there exist open, disjoint definable
neighborhoods U and V of a and C respectively in G. Indeed, if C ∩ aO =
∅, let W = aφ−1(Πn

i=1[−iti, ti]) ⊆ aO and take U = aφ−1(Πn
i=1(−iti, ti))

and V = G \ W. If C ∩ aO 6= ∅, then since O is definably regular, there
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exists S = aφ−1(Πn
i=1[−isi, si]) ⊆ aO such that S ⊆ aO \ C and take U =

aφ−1(Πn
i=1(−iti, ti)) with ti <i si and V = G \ S.

Now let (K,C) be a pair of closed, disjoint definable subsets of G. We
prove the result by induction on dimK. By the previous paragraph the result
holds for dimK = 0. Suppose it holds for pairs of closed , disjoint definable
subsets (L,C) of G with dimL < dimK. Since φ(O) has definable choice,
there exist a definable map g = (g1, . . . , gn) : K −→ φ(O) : a 7→ (ta1, . . . t

a
n)

such that Ua = aφ−1(Πn
i=1(−itai , tai )) is an open definable neighborhood of a

in G disjoint from C. The definable subset of K on which g is not continuous,
is a definable set of dimension strictly less than dimK. Let L be the closure
of this set in K. Then dimL < dimK and (L,C) is a pair of disjoint, closed
definable subsets of G. So there exist disjoint, open definable neighborhoods
(in G) UL and VL of L and C respectively.

By Proposition 4.4, there is a definably compact definable neighborhood
W of L in UL. Take L′ to be the intersection ofK with the complement inG of
the interior of W (in G). Then L′ is definably compact and g|L′ : L′ −→ φ(O)
is continuous. Fix i ∈ {1, . . . , n}. Then for all a ∈ L′, 0i <i t

a
i = gi(a). We

show that there is 0i <i di such that di ≤ tai = gi(a) for all a ∈ L′. Suppose
not. Then for all 0i <i s there exists a ∈ L′ such that 0i <i gi(a) <i s.
Since G has definable choice ([13] Theorem 7.2), so thus L′. Hence, there is
a definable map αi : (0i, ci) ⊆ Ii −→ L′ such that for all 0i <i t <i ci we have
0i <i gi(αi(t)) <i t. By o-minimality we may assume that αi is continuous.
Since L′ is definably compact there is d ∈ L′ such that lim

t−→0
+i
i
αi(t) = d. So

gi(d) = gi(limt−→0
+i
i
αi(t)) = lim

t−→0
+i
i
gi(αi(t)) = 0 which is a contradiction.

By construction, for all a ∈ L′, aφ−1(Πn
i=1(−idi, di)) is an open definable

neighborhood of a in G disjoint from C. Consider now the definable sets

UL′ = ∪{aφ−1(Πn
i=1(−i

di
2
,
di
2

)) : a ∈ L′}

and

VL′ = G \ ∪{aφ−1(Πn
i=1[−i

3di
2
,
3di
2

]) : a ∈ L′}.

Then UL′ and VL′ are disjoint, open definable neighborhoods (in G) of L′ and
C respectively. Finally take U = UL ∪UL′ and V = VL ∩ VL′ . Then U and V
are disjoint, open definable neighborhoods (in G) of K and C respectively.
�

We are ready to prove the general version of Theorem 3.4 giving a descrip-
tion of the o-minimal cohomology of definably connected, definably compact,
definable groups.
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Theorem 4.6 Let G be a definably connected, definably compact definable
group and let k be field. Then H∗(G; k) can be equipped with a structure of a
Hopf-algebra over k with comultiplication induced by the multiplication in G.

Proof. By Remark 4.3 and Proposition 4.5, G is a definably normal
definable space with a uniformly definable system of fundamental open de-
finable neighborhoods. Therefore we can use the general Künneth formula
(Corollary 4.2) as in Theorem 3.4 and Corollaries 3.5 and 3.6 in [18] to finish
the proof of the theorem. �

Proof of Theorem 1.2. Let G be a definably connected, definably com-
pact definable abelian group. First we recall some results from [16]. The
classifying group η(G) of G is a profinite abelian group ([16] Theorem 2.2)
and so

η(G) = Πp primeΠκ(p)Zp

where for each prime p, Zp is the group of p-adic integers and κ(p) is some
cardinal number. By the general Hurewicz theorem (Theorem 1.1 in [16]) we
have a homomorphism

Homcont(η(G),Z/pZ) −→ Ȟ1(G; Z/pZ),

where Homcont(η(G),Z/pZ) is the group of all continuous homomorphisms
from the profinite group η(G) into Z/pZ. Further, this homomorphism does
not send any sujective elements of Homcont(η(G),Z/pZ) to zero.

Now observe also that, since G is definably normal (Proposition 4.5),
we have Ȟ∗(G; Z/pZ) ' H∗(G; Z/pZ) (Proposition 4.1 in [15]) and also
Hp(G; Z/pZ) = 0 for p > dimG (Proposition 4.2 in [15]).

By Theorem 4.8 on Hopf-algebras over Z/pZ (and the last observation on
the previous paragraph), if p > dimG+ 1, then

H∗(G; Z/pZ) '
∧

[ω1, . . . , ωt]Z/pZ

for some t ≤ dimG with
∑t

i=1 degωi ≤ dimG and the ωi’s of odd degree
and primitive, that is, µ(ωi) = ωi ⊗ 1 + 1⊗ ωi, for each i = 1, . . . , t. Thus, if
p > dimG+1, then since by the general Hurewicz theorem each generator of
Homcont(η(G),Z/pZ) determines a generator of H∗(G; Z/pZ) of degree one,
it follows that κ(p) ≤ t ≤ dimG as required.

4.2 Graded Hopf algebras over finite fields

Let H =
∑

k≥0Hk be a graded, skew-commutative, associative R-algebra
with unity element where R is a commutative ring with unit. We say that
H is connected if H0 ' R.
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Definition 4.7 We will call a connected, graded, skew-commutative, asso-
ciative R-algebra H =

∑
k≥0Hk with unity element a graded quasi Hopf

R-algebra (of finite type) if each Hk is an R-module (resp., a finite dimen-
sional R-module) and there is a degree preserving R-algebra homomorphism
ψ : H −→ H ⊗R H called co-multiplication or diagonal such that: if e is
a generator of H0 ' R as an R-algebra of dimension one, then the map
ε : H −→ R, defined by ε(e) = 1 and ε(x) = 0 for all x ∈ Hk with k ≥ 1 is a
co-unit i.e., for all x ∈ H,

(ε⊗R 1)ψ(x) = 1⊗R x and (1⊗R ε)ψ(x) = x⊗R 1.

A graded quasi Hopf R-algebra H is called a graded Hopf R-algebra if ψ
is associative i.e.,

(ψ ⊗R 1)ψ = (1⊗R ψ)ψ;

and we say that ψ is commutative if we have T ◦ ψ = ψ where T (x⊗R y) =
(−1)deg(x)deg(y)y ⊗R x.

The main result of these notes is the following:

Theorem 4.8 Let p ≥ 2 be a prime and let H be a graded Hopf Z/pZ-
algebra. Then there is a free, skew-commutative, graded Hopf Z/pZ-algebra

A = Z/pZ[x1, . . . , xk, . . . ]⊗Z/pZ
∧

[y1, . . . , yl, . . . ]Z/pZ

and there is a homomorphism h : A −→ H of connected, graded, skew-
commutative, associative split Z/pZ-algebras with unity element such that h
is surjective and hj : Aj −→ Hj is an isomorphism for all j ≤ p− 2.

In the case of graded Hopf algebras this is a weak analogue of the Hopf-
Leray-Borel theorem for graded Hopf algebras over Z/pZ which are not nec-
essarily of finite type (for details see [24] Chapter VII, Corollary 1.4 and also
[5] and [23]):

Theorem 4.9 (Hopf-Leray-Borel) Let H be a graded quasi Hopf algebra
of finite type over a perfect field Kp of characteristic p. Then we have the
following ring isomorphisms:
(1) For p = 0; H ' (

∧
α[xα]K0)⊗(

⊗
βK0[xβ]), where degxα is odd and degxβ

is even.
(2) For p = 2; H ' (

⊗
αK2[xα]/(xhαα ))⊗ (

⊗
βK2[xβ]), where hα is a power

of 2.
(3) For p 6= 0, 2; H ' (

∧
α[xα]Kp)⊗ (

⊗
βKp[xβ])⊗ (

⊗
γKp[xγ]/(x

hγ
γ ), where

degxα is odd, degxβ and degxγ are even, and hγ is a power of p.
Here, if dimH <∞, then there is no term of Kp[xβ].
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In [10] Chapter VII, Proposition 10.16, it is proved that in the charac-
teristic zero case, Theorem 4.9 holds for graded quasi Hopf algebras which
are not necessarily of finite type. This is the original Hopf-Leray theorem in
characteristic zero.

To prove Theorem 4.8 we will require first some generalities about con-
nected, graded, skew-commutative associative R-algebra with unity element.
The argument will follow the treatment of the characteristic zero case pre-
sented in [10] Chapter VII, Section 10.

Definition 4.10 LetA =
∑

k≥0Ak be a connected, graded, skew-commutative
associative R-algebra with unity element. Let µ : A⊗R A −→ A be the mul-
tiplication. We will often write a1a2 for µ(a1, a2).

Define the graded R-submodules DnA of A where n = 0, 1, . . . , as follows:
D0A = A; (D1A)j = Aj for j > 0 and (D1A)j = 0 for j ≤ 0; and Dn+1A =
Im(µ : DnA ⊗D1A −→ A). Clearly Dn+1A ⊆ DnA and (DnA)j = 0 for all
j < n.

Define the R-modules ΘnA = DnA/Dn+1A. We say that A is a split
R-algebra if Dn+1A is a direct summand of DnA for all n. For example, if R
is a field, then A is always a split R-algebra.

Remark 4.11 Note that, by [10] Chapter VII, Proposition 10.4, Dn and Θn

may be viewed, in a canonical way (by restriction and quotient respectively),
as functors of connected, graded, skew-commutative, associative R-algebra
with unity element.

Another observation that we should make is that the R-module Θ1A =
D1A/D2A will play a special role in what follows. Indeed, if M ⊆ D1A is
an R-submodule which maps epimorphically onto the quotient Θ1A, then M
generates the R-algebra A. In particular, if h : B −→ A is a homomorphism
of connected, graded R-algebras such that Θ1h : Θ1B −→ Θ1A is surjective,
then h is surjective. For details on this see [10] Chapter VII, Lemma 10.5
and Corollary 10.6.

By [10] Chapter VII, (10.3) and Proposition 10.7, we have the following
easy result.

Remark 4.12 Let A and B be connected, graded, skew-commutative, asso-
ciative split R-algebra with unity element. Then A⊗RB is also a connected,
graded, skew-commutative, associative split R-algebra with unity element.
Moreover, we have

DnA ' ΘnA⊕Dn+1A '
⊕
k≥n

ΘkA,
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Dn(A⊗R B) =
∑

0≤i≤n

DiA⊗R Dn−iB

and
Θn(A⊗R B) =

∑
0≤i≤n

ΘiA⊗R Θn−iB.

Below, we will use πiA : Θn(A ⊗R A) −→ ΘiA ⊗R Θn−iA to denote the
natural projection and we will use ιiA : ΘiA ⊗R Θn−iA −→ Θn(A ⊗R A) to
denote the natural inclusion.

The proof of Lemma 4.13 below is the same as [10] Chapter VII, Lemma
10.11.

Lemma 4.13 Let h : A −→ H be a homomorphism of connected, graded,
skew-commutative, associative split R-algebras with unity element. Suppose
that H is a graded Hopf R-algebra. Then the multiplication µ : A⊗R A −→
A of A and the comultiplication ψ : H −→ H ⊗R H of H are R-algebra
homomorphisms. Moreover, if Θih : ΘiA −→ ΘiH and Θn−ih : Θn−iA −→
Θn−iH are isomorphisms and

θni h = (Θnµ) ◦ ιiA ◦ (Θih⊗R Θn−ih)−1 ◦ πiH ◦ (Θnψ) ◦ (Θnh),

then θni h : ΘnA −→ ΘnA agrees with the map n!
i!(n−i)! · 1 : ΘnA −→ ΘnA.

Proof. It is enough to show that θni h : ΘnA −→ ΘnA agrees with the
map n!

i!(n−i)! · 1 : ΘnA −→ ΘnA on the generators a1a2 · · · an ∈ ΘnA where

ax ∈ Θ1A ⊆ D1A. Let bx = h(ax). Then we have ψ(bx) = bx⊗R1+1⊗Rbx+rx
with rx ∈ D2(H ⊗R H), hence

ψ ◦ h(a1a2 · · · an) = ψ(b1b2 · · · bn) = Πx(bx ⊗R 1 + 1⊗R bx) + r

with r ∈ Dn+1(H ⊗R H).
The image of Πx(bx⊗R1+1⊗Rbx) by the projection πiH : Θn(H⊗RH) −→

ΘiH ⊗R Θn−iH is

b =
∑

σx1,...,xibx1 · · · bxi ⊗R by1 · · · byn−i

where σx1,...,xi ∈ {− ,+}, the sum extends over all i-tuples 1 ≤ x1 < x2 <
· · · < xi ≤ n, y1 < y2 < · · · < yn−i is the complement of {x1, x2, . . . , xi} in
{1, . . . , n} and the signs σx1,...,xi are caused by the commutation law (1 ⊗R
cy)(cx ⊗R 1) = (−1)degcydegcxcx ⊗R cy.

Consider the corresponding expression

a =
∑

σx1,...,xiax1 · · · axi ⊗R ay1 · · · ayn−i
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in ΘiA⊗R Θn−iA. Then

(Θih⊗R Θn−ih)(a) = b = πiH ◦ ψ ◦ h(a1a2 · · · an).

On the other hand, if we apply multiplication µ : A ⊗R A −→ A to a,
each summand goes into a1a2 · · · an (the signs disappear when we reverse the
permutation), and the number of summands is n!

i!(n−i)! . �

The next lemma is a modification of [10] Chapter VII, Proposition 10.14.
The statement is different but the proof is essentially the same.

Lemma 4.14 Let p ≥ 2 be an integer. Let h : A −→ H be a homomor-
phism of connected, graded, skew-commutative, associative split R-algebras
with unity element. Suppose that H is a graded Hopf R-algebra and D1A (as
an abelian group) is k-torsion free for all k < p. If Θ1h : Θ1A −→ Θ1H is
an isomorphism, then h is surjective and hj : Aj −→ Hj is an isomorphism
for all j ≤ p− 2.

Proof. By Remark 4.11, h is surjective. Since h is surjective, it follows
easily from the definition that Dnh : DnA −→ DnH is surjective for all n.
But then, by the first equation on Remark 4.12, it follows that Θnh : ΘnA −→
ΘnH is also surjective for all n. We will show that Θnh : ΘnA −→ ΘnH
is injective for all 1 ≤ n < p. Let 1 < n < p. By induction assume that
Θn−1h : Θn−1A −→ Θn−1H is an isomorphism. Then, by Lemma 4.13, with
i = n−1, we see that θnn−1h : ΘnA −→ ΘnA agrees with n ·1 : ΘnA −→ ΘnA.
By the first equation on Remark 4.12 and the assumption on D1A, we see
that ΘnA is n-torsion free. Hence, θnn−1h is injective. In particular, the first
factor Θnh in the composition defining the homomorphism θnn−1h is injective.

By decreasing induction on n < p we now show that (Dnh)j : (DnA)j −→
(DnH)j is an isomorphism for all j ≤ p − 2. For n = 0 we get the lemma.
Let n = p − 1. Since j < n, we have (DnA)j = (DnH)j = 0. On the other
hand, by definition, we have the exact sequence 0 → DnA → Dn−1A →
Θn−1A → 0. In particular, for each j ≤ p − 2, we have the exact sequence
0→ (DnA)j → (Dn−1A)j → (Θn−1A)j → 0. Now the inductive step follows
from the exact sequence 0→ (DnA)j → (Dn−1A)j → (Θn−1A)j → 0 and the
five lemma. �

Proof of Theorem 4.8: Since Z/pZ is a field, the Z/pZ-module Θ1H =
D1H/D2H has a basis over Z/pZ. LetM ⊆ D1H ⊆ H be the lifting of a basis
of Θ1H over Z/pZ. Let A = Z/pZ[x1, . . . , xk, . . . ]⊗Z/pZ

∧
[y1, . . . , yl, . . . ]Z/pZ

where each xi (resp., yj) is in M and the degree of xi (resp., yj) in A is the
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same as its degree in H. Let h : A −→ H be the unique homomorphism of
connected, graded, skew-commutative, associative split Z/pZ-algebras with
unity element extending the inclusion M −→ H.

The result will follow from Lemma 4.14. So we need to verify the con-
ditions of the lemma. Clearly, the set {x + D2A : x ∈ M} is a basis for
the Z/pZ-module Θ1A = D1A/D2A. Hence, Θ1h : Θ1A −→ Θ1H is an
isomorphism.

We will show thatD1A is k-torsion free for every k < p. Let 0 < k < p and
let a ∈ D1A be an element such that ka = 0. Since the elements of the form
xi1 ·· · ··xil⊗Z/pZyj1∧· · ·∧yjn with j1 < · · · < jn are a basis for A over Z/pZ, we

have that a is a finite sum
∑

i1,...,il, j1<···<jn r
j1,...,jn
i1,...,il

xi1 ·· · ··xil⊗Z/pZyj1∧· · ·∧yjn .

Therefore, ka =
∑

i1,...,il, j1<···<jn kr
j1,...,jn
i1,...,il

xi1 · · · · · xil ⊗Z/pZ yj1 ∧ · · · ∧ yjn = 0.

But this implies that krj1,...,jni1,...,il
is zero in Z/pZ and therefore, all the elements

rj1,...,jni1,...,il
are zero in Z/pZ. So a is the zero element. �
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